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Abstract
The problem of change point estimation is con-
sidered in a general framework where the data
are generated by arbitrary unknown stationary
ergodic process distributions. This means that
the data may have long-range dependencies of
an arbitrary form. In this context the consis-
tent estimation of the number of change points
is provably impossible. A formulation is pro-
posed which overcomes this obstacle: it is pos-
sible to find the correct number of change points
at the expense of introducing the additional con-
straint that the correct number of process distri-
butions that generate the data is provided. This
additional parameter has a natural interpretation
in many real-world applications. It turns out
that in this formulation change point estimation
can be reduced to time series clustering. Based
on this reduction, an algorithm is proposed that
finds the number of change points and locates the
changes. This algorithm is shown to be asymp-
totically consistent. The theoretical results are
complemented with empirical evaluations.

1. Introduction
Change point estimation is a classical problem in statis-
tics and machine learning (Brodsky & Darkhovsky,
1993; Basseville & Nikiforov, 1993) and has applica-
tions in a broad range of such domains as market analy-
sis, bioinformatics, audio and video segmentation, fraud
detection, only to name a few. The problem can
be introduced as follows. A given sequence x :=
X1, . . . , Xbnθ1c, . . . , Xbnθκc+1, . . . , Xn is formed as the
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concatenation of an (unknown) number κ + 1 of non-
overlapping segments where θk ∈ (0, 1), k = 1..κ. Each
segment is generated by one of r ≤ κ unknown stochastic
process distributions. The process distributions that gener-
ate every pair of consecutive segments are different. The
index bnθkc where one segment ends and another starts is
called a change point. The parameters θk, k = 1..κ that
specify the change points bnθkc are unknown and to be es-
timated.

We consider highly dependent time series, making as little
assumptions as possible on how the data are generated. In
particular, the distributions that generate the data are un-
known and can be arbitrary; the only assumption is that
they are stationary ergodic. This means that we make no
such assumptions as independence, finite memory or mix-
ing. Moreover, the change refers to the change in time se-
ries distribution and can have an arbitrary form. In particu-
lar, it is not restricted to the change in the mean, moment,
etc., and is not confined to the finite-dimensional marginals
of any fixed size. For example, the change may concern
only the form of the long-range dependence.

With no further assumptions or additional information, this
general formulation of the problem does not allow for the
correct estimation of the number of change points, even
in the weakest asymptotic sense. Indeed, as shown by
(Ryabko, 2010b) in the general setting of highly dependent
time series, it is even impossible to distinguish between the
case of 0 and 1 change point; this impossibility result holds
even for discrete-valued time series.

Stricter statistical frameworks are usually considered in the
literature, making it possible to find κ at the cost of making
stronger assumptions on the time series and on the form of
the change. These stronger assumptions typically result in
that the speed of convergence of a certain empirical statis-
tic is known, e.g. from concentration inequalities, which
can then be used to identify the changes via thresholding.
However, our objective in this paper is to seek a natural for-
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mulation under which it is possible to consistently solve the
change point problem without the need to impose stronger
assumptions on the process distributions.

To this end, we propose a novel formulation of the prob-
lem, which, at the expense of a single additional parameter
allows us to overcome the impossibility result described.
Namely, we assume that the total number r of process dis-
tributions that generate the data is provided to the algo-
rithm. This formulation and the additional parameter is mo-
tivated by applications. Indeed, first of all, the assumption
that the data are highly dependent complies well with most
real-world scenarios. Assumptions on the rates of conver-
gence of certain statistics (such as mixing), and even more
general assumptions made to that effect, are usually impos-
sible to verify in practice. On the other hand, in many ap-
plications the number r of distributions is a natural param-
eter of the problem. The simple example where a pair of
distributions alternate in generating a sequence with many
change points, may, in many cases, correspond to a sys-
tem whose behaviour over time alternates between normal
and abnormal (r = 2). To a varying extent, this may be a
suitable model for system performance management, video
surveillance and fraud detection. The identification of cod-
ing versus non-coding regions in genomic data is another
potential application for this formulation with r = 2. An-
other application concerns the problem of authorship at-
tribution in a given text written collaboratively by a known
number r of authors. Finally, in speech segmentation r may
be the total number of speakers.

Main Results. We propose a natural formulation of the
change point problem, as well as a nonparametric algo-
rithm to find the number of change points and to estimate
the changes in stationary ergodic time series. We demon-
strate both theoretically and experimentally that our algo-
rithm is asymptotically consistent in the general framework
described. The asymptotic regime means that the error is
arbitrarily small if the sequence is sufficiently long. In par-
ticular, the problem is “offline” and the sequence does not
grow with time.

The novelty of our work lies not only in the algorithm pro-
posed, but also in the problem formulation. We demon-
strate that, despite theoretical impossibility results, if the
total number r of process distributions that generate the
data is provided, the problem of obtaining the correct num-
ber of change points admits a solution, without requir-
ing the knowledge of any probabilistic characteristics of
the distributions generating the data or of the form of the
changes.

Moreover, we show that a consistent algorithm can be ob-
tained by a reduction to the problem of time series cluster-
ing. Thus, our results establish a novel formal link between
two classical unsupervised learning problems, namely clus-

tering and change point analysis, potentially bringing a new
insight to both communities.

The theoretical results are illustrated with experiments on
synthetic data. To generate the data we have used a well-
known family of distributions that, while being stationary
ergodic, do not belong to any “simpler” class of processes,
and in particular cannot be modeled by finite- or countable-
state models (such as finite-state HMMs).

Methodology. Our approach is composed of two main
steps. First, we use a so-called list-estimator (Khaleghi
& Ryabko, 2012) to produce an exhaustive list of at least
κ candidate estimates, whose first κ elements are guaran-
teed to be asymptotically consistent. Once sorted in in-
creasing order, the resulting list induces a partitioning of
the sequence into consecutive segments. At this point we
group the resulting segments into r clusters. A candidate
estimate is identified as redundant if it joins a pair of con-
secutive segments in the same cluster. Finally, we remove
the redundant estimates from the list and provide the re-
maining estimates as output. The clustering procedure uses
farthest-point initialization to designate r cluster centres,
and then assigns each remaining point to the nearest cen-
tre. To measure the distance between the segments, empir-
ical estimates (Ryabko & Ryabko, 2010) of the so-called
distributional distance (Gray, 1988) are used. The consis-
tency of the proposed method can be established using any
list-estimator that is consistent under the considered frame-
work; we take a list-estimator from (Khaleghi & Ryabko,
2012) as an example. Different clustering procedures can
be used as well, although their consistency for stationary
ergodic time series cannot be exploited directly. The main
challenge is in that the clustering procedure is used on
segments that are obtained as concatenations of sequences
generated by different process distributions, rather than by
a single distribution. This means that the consistency anal-
ysis has to be performed anew.

Related Work. In a typical formulation of the problem, the
sequence is assumed to have a single change point and the
samples within each segment are assumed to be generated
i.i.d, the distributions have known forms and the change
is in the mean; see e.g. (Csörgö & Horváth, 1998) for a
comprehensive review. In the literature on non-parametric
methods for dependent data, the nature of dependence is
typically restricted. For example, strong mixing conditions
is a constraint that is commonly imposed, see e.g. (Brod-
sky & Darkhovsky, 1993). More general settings have also
been considered, e.g. (Giraitis et al., 1995; Carlstein &
Lele, 1993), with the latter work considering stationary er-
godic time series. However, all these works assume that the
single-dimensional marginals are different before and after
the change point; this assumption is in fact prevalent in the
literature.
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The multiple change point estimation problem is consid-
erably more difficult than the analysis of a single change,
even if the number of change points is known. Thus, it
is not as widely explored as that concerning single change
point analysis. For known κ and dependent observations
satisfying mixing conditions, the problem has been ad-
dressed from a global optimization perspective (Lavielle,
1999; Lavielle & Teyssiere, 2007). For the general frame-
work considered in this paper, the case where κ is known
has been considered by (Ryabko & Ryabko, 2010) (κ = 1)
and (Khaleghi & Ryabko, 2013) (κ > 1). However, if κ
provided to these algorithms is incorrect, their behavior can
be arbitrarily bad. The case of unknown κ in this general
setting is considered by (Khaleghi & Ryabko, 2012), where
a list of possibly more than κ candidate estimates is pro-
duced, but no attempt is made to estimate κ; the produced
list is sorted such that its first κ elements converge to the
true change points.

The problem of estimating the number of change points is
nontrivial, even under these more restrictive assumptions.
In such settings, this problem is usually addressed with pe-
nalized criteria; see, e.g. (Lebarbier, 2005; Lavielle, 2005).
Such criteria necessarily rely on additional parameters on
which the resulting number of change points depends. Note
that the algorithm proposed in this work also requires an
input parameter: the number r of distributions. However,
as argued above, parameter has a natural interpretation in
many real-world applications. The problem of clustering
stationary ergodic time series is considered by (Ryabko,
2010a), where the goal is to group together those and only
those sequences that are generated by the same process dis-
tribution. Here we reduce the change point problem to
clustering in this formulation. The important difference,
which makes the consistency result of (Ryabko, 2010a) not
directly applicable, is that we have to deal with concate-
nations of sequences generated by different distributions,
rather than with individual sequences each generated by a
single distribution.

Organization. The remainder of this paper is organized as
follows. In Section 2 we introduce some preliminary nota-
tion and definitions. In Section 3 we formalize the problem.
In Section 4 we present our algorithm, state the main con-
sistency result, and intuitively explaining why it holds; we
also provide a brief discussion on its computational com-
plexity. The proofs of the main consistency results are
given in Section 7. Section 5 is dedicated to our experi-
mental results, and some concluding remarks are provided
in Section 6.

2. Preliminaries
Let X be a measurable space (the domain); in this work
we let X = R but extensions to more general spaces are

straightforward. For a sequence X1, . . . , Xn we use the
abbreviationX1..n. Consider the Borel σ-algebra B onX∞
generated by the cylinders {B × X∞ : B ∈ Bm,l,m, l ∈
N}, where the sets Bm,l,m, l ∈ N are obtained via the
partitioning of Xm into cubes of dimension m and volume
2−ml (starting at the origin). Let also Bm := ∪l∈NBm,l.
Process distributions are probability measures on the space
(X∞,B). For x = X1..n ∈ Xn and B ∈ Bm let ν(x, B)
denote the frequency with which x falls in B, i.e.

ν(x, B) :=
I{n ≥ m}
n−m+ 1

n−m+1∑
i=1

I{Xi..i+m−1 ∈ B}. (1)

A process ρ is stationary if for any i, j ∈ 1..n and B ∈
Bm, m ∈ N, we have ρ(X1..j ∈ B) = ρ(Xi..i+j−1 ∈
B). A stationary process ρ is stationary ergodic if for all
B ∈ B with probability 1 we have limn→∞ ν(X1..n, B) =
ρ(B). By virtue of the ergodic theorem, this definition can
be shown to be equivalent to the standard definition, see,
e.g. (Csiszar & Shields, 2004).

Definition 1 (Distributional Distance). The distributional
distance between a pair of process distributions ρ1, ρ2 is
defined as follows (Gray, 1988)

d(ρ1, ρ2) :=

∞∑
m,l=1

wmwl
∑

B∈Bm,l
|ρ1(B)− ρ2(B)|,

where wm and wl, m, l ∈ N are sequences of positive
summable real weights; we let wj := 1/j2.

In words, we partition the sets Xm, m ∈ N into cubes of
decreasing volume (indexed by l) and take a weighted sum
over the differences in probabilities of all the cubes in these
partitions, where smaller weights are given to larger m and
finer partitions.

Definition 2 (Empirical estimates of d(·, ·)). Consider se-
quences xi ∈ Xni ni ∈ N, i = 1, 2, x ∈ Xn, n ∈ N
and process distribution ρ. The empirical estimates of d
are defined as follows.

d̂(x, ρ) :=

mn∑
m=1

ln∑
l=1

wmwl
∑

B∈Bm,l
|ν(x, B)− ρ(B)| (2)

d̂(x1,x2) :=

mn∑
m=1

ln∑
l=1

wmwl
∑

B∈Bm,l
|ν(x1, B)− ν(x2, B)|

(3)

where mn and ln are any sequences of integers that go to
infinity with n.

Remark 1. Despite the infinite summations, d̂ can be
calculated efficiently, (Ryabko, 2010a); its computational
complexity is O(n polylog n) for mn := log n, and ln :=
− log s, where s := minXi 6=Xj

i,j∈1..n

|Xi − Xj |. This choice
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of parameter is justified by (Khaleghi et al., 2012), and
(Ryabko, 2010a); see also (Khaleghi & Ryabko, 2012).

Proposition 1 (d̂(·, ·) is asymptotically consistent (Ryabko
& Ryabko, 2010)). Let a pair of sequences xi ∈ Xni , i =
1, 2 be generated by a distribution ρ whose marginals
ρi, i = 1, 2 are stationary and ergodic. Then

lim
ni→∞

d̂(xi, ρj) = d(ρi, ρj), i, j ∈ 1, 2, ρ− a.s., (4)

lim
n1,n2→∞

d̂(x1,x2) = d(ρ1, ρ2), ρ− a.s. (5)

3. Problem formulation
We formalize the problem as follows. The sequence
x := X1, . . . , Xn ∈ Xn, n ∈ N, gener-
ated by an unknown arbitrary process distribution, is
formed as the concatenation of κ + 1 of sequences
X1..bnθ1c, Xbnθ1c+1..bnθ2c, . . . , Xbnθκc+1..n where θk ∈
(0, 1), k = 1..κ, and κ are unknown. Each of the se-
quences xk := Xπk−1+1..πk , k = 1..κ + 1, π0 :=
0, πκ+1 := n is generated by one of r ≤ κ + 1 unknown
stationary ergodic process distributions ρ1, . . . , ρr. It is
important to note that the number of change points κ is un-
known and has to be estimated, but the number of different
process distributions r is known and is provided to the al-
gorithm.

To define the setting more formally, consider a matrix
X ∈ (X∞)κ+1 of random variables generated by some
(unknown) stochastic process distribution ρ such that 1. the
marginal distribution over every one of its rows is an un-
known stationary ergodic process distribution, and 2. the
marginal distributions over the consecutive rows are dif-
ferent, so that every two consecutive rows are generated
by different process distributions in {ρ1, . . . , ρr}. The se-
quence x ∈ Xn, n ∈ N with κ change points is ob-
tained as follows. First, the length n ∈ N is fixed, then
for each k = 1..κ + 1 a segment xk ∈ X bn(θk−θk−1)c

is obtained as the first bn(θk − θk−1)c elements of the
kth row of X with θ0 := 0, θκ+1 := 1. The individual
segments xk, k = 1..κ + 1 are concatenated to produce
x := x1, . . . ,xκ+1. Thus, there exists a ground-truth par-
titioning

G := {G1, . . . ,Gr} (6)

of the set {1..κ+ 1} into r disjoint subsets where for every
k = 1..κ + 1 and r′ = 1..r we have k ∈ Gr′ if and only
if xk is generated by ρr′ . The parameters θk, k = 1..κ
specify the change points bnθkc which separate consec-
utive segments xk,xk+1 generated by different process
distributions. The change points are unknown and to be
estimated. The process distributions ρ1, . . . , ρr are com-
pletely unknown and may be dependent. Moreover, the
means, variances, or more generally, the finite-dimensional
marginal distributions of any fixed size before and after the

change points are not required to be different. We consider
the most general scenario where the process distributions
are different.

Define the minimum separation of the change point param-
eters θk , k = 1..κ as

λmin := min
k=1..κ+1

θk − θk−1. (7)

Since the consistency properties we are after are asymptotic
in n, we require that λmin > 0. Note that this condition is
standard in the change point literature, although it may be
unnecessary when simpler formulations of the problem are
considered, for example when the samples are i.i.d. How-
ever, conditions of this kind are inevitable in the general
setting that we consider, where the segments as well as the
samples within each segment are allowed to be arbitrarily
dependent: if the length of one of the sequences is constant
or sub-linear in n, obtaining asymptotic consistency is not
possible in this setting.

As discussed in the introduction, it is provably impossi-
ble (Ryabko, 2010b) to distinguish between the case of one
and zero change points in the general framework. Hence,
the number κ of change points cannot be estimated with no
further information. This is the reason why we assume that
the total number r of process distributions that generate the
data is provided (while the number κ of change points re-
mains unknown).

Thus, the problem formulation we consider can be de-
scribed as follows. Given a sequence x, a lower-bound on
the minimum distance λ between the change points, and the
total number r of process distributions, we seek a method
that outputs the estimated number κ̂ of change points and
the estimated change point parameters θ̂1, . . . , θ̂κ̂. We re-
quire the algorithm to be asymptotically consistent so that
with probability 1 from some n on κ̂ = κ, and the estimates
θ̂k satisfy

lim
n→∞

sup
k=1..κ

|θ̂k(n)− θk| = 0 a.s. (8)

Note that in the particular case of r = κ+1 where all of the
process distributions are different we have κ change points
and thus we arrive to the formulation of the problem with
known κ. More generally, r can be very different from
κ + 1, and as discussed in the introduction, has a natural
interpretation in many real-world applications.

4. Main theoretical results
In this section we present our algorithm and informally ex-
plain how it works. Theorem 1 establishes its consistency.

The proposed algorithm relies on a so-called list estima-
tor: a procedure that, given x and λ, outputs a (long, ex-
haustive) list of change point estimates, without attempting
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Algorithm 1 A change point estimator for known r
input: x ∈ Xn, λ ∈ (0, λmin], Number r of process
distributions
Initialize: ψ0 ← 0, ψ|Υ|+1 ← n
1. Obtain a list of candidate estimates via a consistent
list-estimator:

Υ← Υ(x, λ)

2. Sort the list in increasing order:

{ψi : i = 1..|Υ|} ← sort({nθ̂ : θ̂ ∈ ψ})

(so that i < j ⇔ ψi < ψj , i, j ∈ 1..|Υ|.)
Generate a set S of consecutive segments:

S ← {x̃i := Xψi−1+1..ψi : i = 1..|Υ|+ 1} (9)

3. Partition S into r clusters:

i. Initialize r farthest segments as cluster centres

c1 ← 1

cj ← argmax
i=1..|Υ|

j−1

min
i′=1

d̂(x̃i, x̃ci′ ), j = 2..r (10)

ii. Assign every segment to the closest cluster

T (x̃i)← argminj=1..r d̂(x̃i, x̃cj ), i = 1..|Υ|

4. Eliminate redundant estimates:
C ← {1..|Υ|}
for i = 1..|Υ| do

if T (x̃i) = T (x̃i+1) then
C ← C \ {i}

end if
end for
5. Obtain κ and the estimates for θk, k = 1..κ

κ̂← |C|, θ̂i :=
1

n
ψi, i ∈ C

return: κ̂, θ̂i, i ∈ C

to estimate the number of change points in the sequence.
More precisely, a list-estimator is defined as follows.

Definition 3 (List-estimator). A list-estimator Υ is a func-
tion that, given a sequence x ∈ Xn of length n ∈ N
and a parameter λ ∈ (0, 1), produces a list Υ(x, λ) :=

(θ̂1(n), . . . , θ̂|Υ|(n)) ∈ (0, 1)|Υ| of some |Υ| ≥ κ es-
timates. Let (θ̂µ1

, θ̂µ2
, . . . , θ̂µκ) := sort(θ̂1, . . . , θ̂κ) be

the first κ elements of Υ(x, λ), sorted in increasing or-
der of value. We call Υ asymptotically consistent if
for every λ ∈ (0, λmin] with probability 1 we have

limn→∞ supk=1..κ |θ̂µk(n)− θk| = 0.

An example of a consistent list-estimator is provided in
(Khaleghi & Ryabko, 2012).

The key idea of the proposed algorithm is to have a con-
sistent list-estimator, such as that presented in (Khaleghi &
Ryabko, 2012), produce a list of at least κ change point es-
timates, and then cluster the segments induced by the can-
didate estimates to identify the redundant estimates in the
list.

More specifically, Algorithm 1 works as follows. First,
a consistent list-estimator is used to obtain an initial set
of change-point candidates. The estimates are sorted in
increasing order to produce a set S of consecutive non-
overlapping segments of x. The set S is then partitioned
into r clusters. We use the following clustering procedure.
First, a total of r cluster centres are obtained as follows.
The first segment x1 is chosen as the first cluster centre.
Iterating over j = 2..r a segment is chosen as a cluster
centre if it has the highest minimum distance from the pre-
viously chosen cluster centres. Once the r cluster centres
are specified, the remaining segments are assigned to the
closest cluster. In each cluster, the change point candidate
that joins a pair of consecutive segments of x is identified
as redundant and is removed from the list. Once all of the
redundant candidates are removed, the algorithm outputs
the remaining candidate estimates.

Theorem 1. [Algorithm 1 is asymptotically consistent.]
With probability 1, from some n on we have κ̂ = κ, and the
estimates θ̂k satisfy limn→∞ supk=1..κ |θ̂k(n) − θk| = 0,
provided that λ ∈ (0, λmin], and the correct number r of
process distributions are given.

The proof is given in Section 7. A sketch of the proof fol-
lows. Since a consistent list-estimator Υ is used in the first
step, for large enough n, an initial set of possibly more than
κ estimated parameters is generated, that contains κ ele-
ments which are arbitrarily close to the true change point
parameters. (Since κ is unknown, the fact that the correct
estimates are listed first is irrelevant; all we can use here
is that they are somewhere in the list.) Therefore, if x is
long enough, the largest portion of each segment in S is
generated by a single process distribution. Since the initial
change point candidates are at least nλ apart, the lengths
of the segments in S are linear functions of n. Thus, we
can show that for large enough n, the empirical estimate
of the distributional distance between a pair of segments in
S converges to 0 if and only if the same process distribu-
tion generates most of the two segments. Given the total
number r of process distributions, for long enough x the
clustering algorithm groups together those and only those
segments in S that are generated by the same process dis-
tribution. This lets the algorithm identify and remove the
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redundant candidates. By the consistency of Υ, the remain-
ing estimates converge to the true change point parameters.

Computational Complexity. It is easy to see that the al-
gorithm can be implemented efficiently. The initial |Υ| ≤
1/λ change point candidates are obtained via the algo-
rithm of (Khaleghi & Ryabko, 2012) which as shown by
the authors has complexity O(n2 polylog n), where n cor-
responds to the length of the sequence. The clustering pro-
cedure only requires r|Υ| pairwise distance calculations;
apart from that, the remaining calculations are of order
O(r(|Υ|+ 1)). Thus, by Remark 1, the resource complex-
ity of Algorithm 1 is O(n2 polylog n).

5. Experimental results
We evaluate our method using synthetically generated data.
The data are generated using stationary ergodic process dis-
tributions that do not belong to any “simpler” general class
of time series, and cannot be approximated by finite state
models. Also, the single-dimensional marginals of all dis-
tributions are the same throughout the generated sequence.

To generate a sequence x ∈ Rn, n ∈ N with κ change
points we proceed as follows. For every k ∈ 1..κ + 1
we use the so-called ergodic rotation to generate the seg-
ment xk := Xbnθk−1c+1, . . . , Xbnθkc ∈ Rnk with nk :=
bnθkc − bnθk−1c, where θ0 := 0 and θκ+1 := 1. More
specifically, to generate the segment xk, k ∈ 1..κ + 1 we
proceed as follows.

1. Fix a parameter αk ∈ (0, 1) and two uniform distribu-
tions U1 and U2.

2. Let a0 be drawn uniformly at random from [0, 1].

3. For each i = 1..nk, shift ai−1 to the right by αk and
remove the integer part, i.e. ai = ai−1 + αk mod 1.

Also draw x
(j)
i from Uj , j = 1, 2.

4. Set Xi+bnθk−1c as

Xi+bnθk−1c = I{ri ≤ 0.5}x(1)
i + I{ri > 0.5}x(2)

i .

If αk is irrational this procedure produces a real-valued sta-
tionary ergodic time series xk. These processes are com-
monly used as examples of stationary ergodic processes
that are not B-processes, see e.g. (Shields, 1996). We sim-
ulate αk, k = 1..κ + 1 by a longdouble with a long
mantissa. For the purpose of our experiment, we fixed three
parameters α1 := 0.12.., α2 := 0.14.., α3 := 0.16.. (with
long mantissae) to correspond to r := 3 different process
distributions. To produce x ∈ Rn we generated κ := 3
change point parameters θk, k = 1..κ with minimum sep-
aration λmin := 0.1. Every segment xk of length was gen-
erated with αk where k := k′ mod r, k′ = 0..κ + 1 (so
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Figure 1. Average (over 40 runs) error rates of Alg 1(x, r, λ) and
the list-estimator Υ(x, λ) of (Khaleghi & Ryabko, 2012) as a
function of the sequence length n for x ∈ Rn; for Υ, the error is
calculated on its first κ elements.

that the first and the last segments, namely x1 and x4, were
deliberately generated by the same process distribution),
and using uniform distributions U1 and U2 over [0, 0.7] and
[0.3, 1] respectively. We used the algorithm proposed by
(Khaleghi & Ryabko, 2012) as the list-estimator Υ(·, ·).

As shown in Figure 5 the estimation error rate of
Alg1(x, λ, r) with λ := 0.6λmin converges to 0 as n ranges
over 1000..60000. In each run, the error is calculated as

I{|C| 6= κ}+ I{|C| = κ}
κ∑
k=1

|θ̂k − θk|.

For illustration, we also plot the performance of the list es-
timator of (Khaleghi & Ryabko, 2012). Since the reference
method does not attempt to estimate κ, we calculate its er-
ror on the first κ elements of its output list.

6. Conclusion
We have presented an asymptotically consistent algorithm
to find the number of change points, and locate the changes
in highly dependent time series. While in the general
framework considered, it is provably impossible to obtain
the number of change points, we have managed to tackle
the problem under a natural formulation, namely, under the
assumption that the correct number of process distributions
that generate the data is provided.

In this framework, rates of convergence are provably im-
possible to obtain, and the algorithms developed for this
framework are forced not to rely on rates of convergence.
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While the downside is that the asymptotic results obtained
for these methods cannot be strengthened, the advantage
is that the rate-free methods designed for this framework
are applicable to a much broader range of situations. At
the same time, it may be interesting to derive the rates of
convergence of the proposed algorithm under stronger as-
sumptions (e.g. i.i.d., mixing, etc.). We conjecture that our
algorithm is close to optimal in such settings as well (al-
though it clearly cannot be optimal in parametric settings).
Another interesting question concerns the time series dis-
tance used in the algorithms. We establish our consistency
results using some properties specific to the (empirical esti-
mates of the) distributional distance. It is possible that other
distances, for example the telescope distance of (Ryabko &
Mary, 2012), can replace the distributional distance used in
our method. These questions may be addressed in future
work.

7. Proofs
The proof of Theorem 1 relies on Lemma 1 which is bor-
rowed from (Khaleghi & Ryabko, 2013), and on Lemma 2
which is stated and proven below.

Lemma 1 (Khaleghi & Ryabko, 2013). Let x = X1..n be
generated by a stationary ergodic process ρ. For α ∈ (0, 1)
the following statements hold with ρ-probability 1:

(i) For every T ∈ N we have

lim
n→∞

sup
|b2−b1|≥αn

∑
B∈Bm,l,
m,l∈1..T

|ν(Xb1..b2 , B)− ρ(B)| = 0.

(ii) lim
n→∞

sup
|b2−b1|≥αn

d̂(Xb1..b2 , ρ) = 0.

We introduce the following additional notation. Consider
the set S of segments specified by Line (9) in Algorithm 1.
For every x̃i := Xψi−1..ψi ∈ S, i = 1..|Υ|+1 define ρ̃i as
the process distribution that generates the largest portion of
x̃i. That is, let ρ̃i := ρj where j is such that K ∈ Gj with

K := argmax
k∈Gr′

|{ψi−1+1, . . . , ψi}∩{nθk−1+1, . . . , nθk}|,

where Gj , j = 1..r are given by (6).

Lemma 2. Let x ∈ Xn, n ∈ N be a sequence with
κ change points with minimum separation λmin for some
λmin ∈ (0, 1). Assume that the distributions that generate
x are stationary and ergodic. Let S be the set of segments
specified by (9) in Algorithm 1. For all λ ∈ (0, λmin) with
probability 1 we have limn→∞ supxi∈S d̂(x̃i, ρ̃i) = 0.

Proof. Fix an ε ∈ (0, λ/2). Define πk := bnθkc, k =
1..κ. Since the initial list Υ of change point candidates are

produced by a consistent list-estimator Υ(x, λ), (see Def-
inition 3), there exists an index-set I := {µ1, . . . , µκ} ∈
{1..|Υ|}κ and some N0 such that for all n ≥ N0 we have

sup
k=1..κ

1

n
|ψµk − πk| ≤ ε. (11)

Moreover, the initial candidates are at least nλ apart so that

inf
i∈1..|Υ|+1

ψi − ψi−1 ≥ nλ (12)

where ψ0 := 0 and ψ|Υ|+1 := n. Let I ′ := {1..|Υ|} \ I.
Denote by

S1 := {x̃i := Xψi−1+1..ψi ∈ S : {i, i− 1} ∩ I = ∅}

the subset of the segments in S whose elements are formed
by joining pairs of consecutive elements of I ′ and let
S2 := S \S1 be its complement. Let the true change points
that appear immediately to the left and to the right of an
index j ∈ 1..n−1 be given by L(j) := maxk∈0..κ+1 πk ≤
j and R(j) := mink∈0..κ+1 πk > j respectively, with
π0 := 0, πκ+1 := n where equality occurs when j is
itself a change point. We have two cases. 1. Consider
x̃i := Xψi−1+1..ψi ∈ S1. By definition, x̃i cannot con-
tain a true change point for n ≥ N0 since otherwise, either
i − 1 or i would belong to I contradicting the assump-
tion that x̃i ∈ S1. Therefore, for all n ≥ N0 we have
ρ̃i = ρ where ρ ∈ {ρ1, . . . , ρr} is the process that gen-
erates XL(ψi−1)..R(ψi−1). By (12) and hence part (ii) of
Lemma 1, there exists some Ni ≥ N0 such that for all
n ≥ Ni we have d̂(x̃i, ρ̃i) := d̂(Xψi−1..ψi , ρ) ≤ ε. Let
N ′ := maxi s.t. x̃i∈S1 Ni. For all n ≥ N ′ we have

sup
x̃i∈S1

d̂(x̃i, ρ̃i) ≤ ε. (13)

2. Take x̃i := Xψi−1..ψi ∈ S2. Observe that, by definition
I ∩ {i, i − 1} 6= ∅ so that either i − 1 or i belong to
I. We prove the statement for the case where i − 1 ∈ I.
The case where i ∈ I is analogous. We start by showing
that [ψi−1, ψi] ⊆ [π − εn, π′ + εn] for all n ≥ N0 where
π := argminπk,k=1..κ

1
n |πk−ψi−1| and π′ := R(π). Since

i−1 ∈ I, by (11) for all n ≥ N0 we have 1
n |π−ψi−1| ≤ ε.

We have two cases. Either i ∈ I so that by (11) for all
n ≥ N0 we have 1

n |ψi − π
′| ≤ ε, or i ∈ I ′ in which case

ψi < π′. To see the latter statement assume by way of
contradiction that ψi > π′ where π′ 6= n; (the statement
trivially holds for π′ = n). By the consistency of Υ(x, λ)
there exists some j > i− 1 ∈ I such that 1

n |ψj − π
′| ≤ ε

for all n ≥ N0. Moreover, by (11) and (12) for all n ≥ N0

the candidates indexed by I ′ have linear distances from the
true change points, that is,

inf
k∈1..κ, i∈I′

|πk − ψi| (14)

≥ inf
k∈1..κ, i∈I′,j∈I

|ψi − ψj | − |πk − ψj | ≥ n(λ− ε).



Estimation of the number of change points in highly dependent time series

Thus, from (11) and (14) we obtain that ψi−ψj ≥ λ−2ε >
0. Since the initial estimates are sorted in increasing order,
this implies j ≤ i leading to a contradiction. Thus we
have [ψi−1, ψi] ⊆ [π − εn, π′ + εn]. Therefore, ρ̃i = ρ
where ρ is the process distribution ρ ∈ {ρ1, . . . , ρr} that
generates Xπ..π′ . To show that d̂(x̃i, ρ) ≤ ε we proceed as
follows. There exists some T such that

∑∞
m,l=T wmwl ≤

ε. It is easy to see that by (14), and the assumption that
λ ∈ (0, λmin], (where λmin is given by (7)), the segment
Xπ..min{ψi,π′} has length at least nλ, i.e.

min{ψi, π′} − π ≥ nλ.

Therefore, by part (i) of Lemma 1, there exists some Ni ≥
N0 such that for all n ≥ Ni we have

T∑
m,l=1

wmwl
∑

B∈Bm,l
|ν(Xπ..min{ψi,π′}, B)− ρ(B)| ≤ ε.

(15)
Using the definition of ν(·, ·) given by (1), for every B ∈
Bm,l, m, l ∈ 1..T we have

(1− m− 1

ψi − ψi−1
)|ν(x̃i, B)− ρ(B)|

≤ min{ψi, π′} − π −m+ 1

ψi − ψi−1
|ν(Xπ..min{ψi,π′}, B)− ρ(B)|

+
I{ψi ≥ π′}(ψi − π′)

ψi − ψi−1
+
|ψi − π|
ψi − ψi−1

(16)

Increase Ni if necessary to have T/(λNi) ≤ ε, and let
n ≥ Ni. Recall that

∑n
m,l=1 wmwl ≤ 1, and observe that

|ν(·, ·)− ρ(·)| ≤ 1. By (11), (12), (15) and (16) we have

d̂(x̃i, ρ̃i)

≤
T∑

m,l=1

wmwl
∑

B∈Bm,l
(1− m− 1

ψi − ψi−1
)|ν(x̃i, B)− ρ(B)|

+
m− 1

ψi − ψi−1
+ ε ≤ 3ε(1 + 1/λ) (17)

Let N ′′ := maxi s.t. x̃i∈S2 . By (17) for all n ≥ N ′′ we
have

sup
x̃i∈S2

d̂(x̃i, ρ̃i) ≤ 3ε(1 + 1/λ). (18)

Finally, by (13) and (18) for all n ≥ max{N ′, N ′′} we
have supx̃i∈S d̂(x̃i, ρ̃i) ≤ 3ε(1 + 1/λ). Since the choice
of ε is arbitrary, this proves the statement.

Proof of Theorem 1. Let δ := mini 6=j∈1..r d(ρi, ρj) de-
note the minimum distance between the distinct distribu-
tions that generate x. Fix an ε ∈ (0, δ/4). Recall that the
list-estimator Υ(x, λ) is consistent for all λ ∈ (0, λmin]
(see Definition 3). Therefore, there exists some N1 such
that for all n ≥ N1 the first κ elements of the list of candi-
date estimates that it produces, converge to the true change

point parameters. Here, the only important message is that,
for all n ≥ N1 the consistent estimates are somewhere
within the list Υ. That is for all n ≥ N1 there exists a
set of indices {µk : k = 1..κ} ⊆ 1..|Υ| such that

sup
k∈1..κ

|θ̂µk − θk| ≤ ε. (19)

Since there are a finite number of segments in the set
S (specified by (9) in Algorithm 1), by Lemma 2, there
exists some N2 such that for all n ≥ N2 we have
supx̃i∈S d̂(x̃i, ρ̃i) ≤ ε. Hence, applying the triangle in-
equality on d̂, for all n ≥ N2 we have

sup
x̃i,x̃j∈S, ρ̃i=ρ̃j

d̂(x̃i, x̃j) ≤ 2ε. (20)

inf
x̃i,x̃j∈S, ρ̃i 6=ρ̃j

d̂(x̃i, x̃j) ≥ δ − 2ε. (21)

By (20) and (21), for all n ≥ N2, the segments x̃i, x̃i+1 ∈
S with ρ̃i = ρ̃i+1 are closer to each other (in the empirical
estimate of the distributional distance) than to the rest of
the segments. By (21) for all n ≥ N2 and every j ∈ 2..r
we have max

i∈1..|S|
minj′∈2..j−1 d̂(x̃i, x̃cj ) ≥ δ − 2ε where,

as specified by Algorithm 1, c1 := 1 and cj , j = 2..r are
given by (10). Hence, for all n ≥ N2, the cluster centres
x̃cj , j = 1..r are each generated by a different process dis-
tribution. That is, ρ̃cj 6= ρ̃cj′ for j 6= j′ ∈ 1..r. On the
other hand, the rest of the segments are each assigned to
the closest cluster, so that by (20) for all n ≥ N we have

T (x̃i) = T (x̃i′)⇔ ρ̃i = ρ̃i′ . (22)

Let N := maxNi, i = 1, 2. It remains to show that for
all n ≥ N , all of the redundant estimates namely, θ̂i, i 6=
µk, k = 1..κ are removed in the last step of the algorithm,
so that for all n ≥ N there exists an index i ∈ 1..|Υ| in C, if
and only if it corresponds to a consistent estimate in Υ. To
this end, we note that by (19) and (22) for all n ≥ N and all
i ∈ C we have ρ̃i 6= ρ̃i+1 so that C = {µk : k = 1..κ} for
all n ≥ N . By (19) and noting that κ̂ := |C| the statement
follows.
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