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The paper interprets the cubic nonlinear Schrodinger equation as a Hamiltonian system with infinite dimensional phase
space. There exists a Gibbs measure which is invariant under the flow associated with the canonical equations of
motion. The logarithmic Sobolev and concentration of measure inequalities hold for the Gibbs measures, and here are
extended to the k-point correlation function and distributions of related empirical measures. By Hasimoto’s theorem,
NLSE gives a Lax pair of coupled ODE for which the solutions give a system of moving frames. The paper studies the
evolution of the measure induced on the moving frames by the Gibbs measure; the results are illustrated by numerical
simulations. The paper contains quantitative estimates with well-controlled constants on the rate of convergence of the
empirical distribution in Wasserstein metric.

I. INTRODUCTION

Consider the Hamiltonian

G+ 2yl 1 -0

on T = R/2nZ which gives the canonical equations of motion
0 119 0] d* [0 2, 2vr-1 @
[_1 0}%{])}__8)62 p| TBP+0O) |5 (1.2)
so u = P+ iQ satisfies the nonlinear Schrodinger equation

du d%u 2

j— = =1y 1.3

i = =55 +Blu (13)
When y = 2, we have the cubic nonlinear Schrodinger equation. The spatial variable is x € T, and the functions are periodic, so
that the system applies to fields parametrized by a circle. Throughout the paper, we write (M, d, 1) for a complete and separable
metric space with a Radon (inner regular) probability measure it on the o-algebra generated by the Borel subsets. The squared
L? norm H; = [(P?+ Q?) is formally invariant under the canonical equations of motion, so we can consider possible invariant
measures on

BK:{u:P+iQ:P,QeL2(’]T;R):/T(Pz—l—Qz)dng}. (1.4)

The Gibbs measure on By for this micro-canonical ensemble is

b p ) = Z(B) T (w)exp( =5 [ )i (1.5)

where W (du) is Wiener loop measure, I, is the indicator function of Bx and Zg () is a normalizing constant. Lebowitz, Rose
and Speer®! proved existence of such an invariant measure, so that for all K > 0 and 8 € R there exists Zg () > 0 such that
Mg p is a Radon probability measure on Bx C L*(T;R?). When 8 = 0, we refer to the measure as free Wiener loop measure,
indicating that the dynamics are free of potentials. For § < 0, (1.3) is said to be focussing and the Hamiltonian is unbounded
below, giving the source of the technical problem, which is addressed by restricting the measure to Bg.

Bourgain!? gave an alternative existence proof using random Fourier series, and showed that the measure is invariant under
the flow in the sense that the Cauchy problem is well posed on the support. Further refinements include a result of McKean®
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that the sample paths are Holder continuous, and a result from Theorem 1.2(iv) in Ref.” that the invariant measure of the micro-
canonical ensemble satisfies a logarithmic Sobolev inequality. Random Fourier series fit naturally into Sturm’s theory of metric
measure spaces, which we use to reduce some of the analysis to invariant measures on finite-dimensional Hamiltonian systems.

The focusing case for spatial variable x € R captures soliton solutions, and Ref.3! discuss the possible transition of the system
between an ambient bounded random field and a soliton solution. For x € T, the notion of a spatially localized solution is
inapplicable, but some of the results are still relevant®!.

Bourgain'3 page 128 comments that invariant Gibbs measures for the periodic cubic Schrodinger equation can be constructed
on other phase spaces, and one can consider Gibbs measures on L? that have different normalizations than g B

In section two, we consider tensor products of Hilbert space H and a k-point density matrix. For py a centered Gaussian
measure on H, we express a specific integral

79 = [ 1) o)
JH

as a series of elementary tensors. This calculation involves combinatorial results which are expressed in terms of Knuth’s odd
and even decompositions of Young diagrams. In section three, we use concentration of measure results to show how |u®¥) (1™
is close to its mean value J®) on a set of large probability. This statement also holds when we replace iy by the Gibbs measure.

In section 4 we introduce metric probability measure spaces and show how the infinite-dimensional dynamical system (1.2)
can be approximated by finite-dimensional dynamical systems, particularly involving random Fourier series. In particular, we
show that x — u(x,7) is y-Holder continuous for 0 < y < 1/16, in the sense that sup{|ju(x+ h,t) — u(x,1)||;4/|h|");h # 0} is
almost surely finite, for fixed 0 < 1y < 1. ’

We also obtain results on the empirical distributions that arise when we sample solutions of (1.2) with respect to Gibbs measure
(1.5), which we use in the numerical experiments in section 7.

Hasimoto® observed that (1.2) can be expressed as a Lax pair of coupled ordinary differential equations with solutions in
SO(3), one of which is the Serret-Frenet system for a moving frame on a curve in R3. Cruzeiro and Malliavin!” developed
stochastic differential geometry for frames, pursuing Cartan’s precedent!. In sections 5 and 6 we consider the evolution of the
dynamical system corresponding to Hasimoto frames under the Gibbs measure. In section 7 we present numerical experiments
regarding the solutions, which illustrate the nature of frames that arise from the solutions of (1.2) for typical elements in the
support of the Gibbs measure (1.5). In the appendix>®, Hasimoto expressed the change of variables in a polar decomposition
u = /pexp(i¢) where p is a probability density and ¢ a phase, and derived Betchov’s intrinsic equation for vortex filaments
from the nonlinear Schrodinger equation. We remark that Villani*?> page 691 carries out a similar a transformation to interpret
the linear Schrodinger equation as a transport problem for densities p for a suitable action integral. The current paper is a further
step at introducing transportation methods into PDE.

Il. TENSOR PRODUCTS AND £-POINT DENSITY MATRICES FOR GAUSSIAN MEASURE

Let H be a separable complex Hilbert space, with inner product (- | -) which is linear in the second argument. The algebraic
tensor product H ® H 1is identified with the set of finite-rank operators on H, and then we identify the injective tensor product
H&H with the algebra . (H) of bounded linear operators on H and the projective tensor product H&H with the ideal £ (H) of
trace class operators on H. By the theory of metric tensor products the dual space of .#’! (H) is canonically .Z(H). For H = L?,
the identification is

F@g=1N)iel:h> 1) [ Z0)h0)ay:

Let A € .Z'(H) be self-adjoint such that 0 < A <1, and let ty be a Gaussian measure on H of mean zero and covariance A.
By the spectral theorem, We can choose an orthonormal basis (¢ j);f’zl of H such that AQ; = «;@; where the spectrum of A is
the closure of {@; : j=1,2,...}. Then we introduce mutually independent Gaussian N(0, 1) random variables (y;)7_; and the
vector

u=y \9; 2.1
=1
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so that L is the distribution of # on H, as one easily checks by computing the expectation

Eexp(i{f,u)) = Eexp(Zi\/‘TjU, (PJ'WJ')
J
= exp(z—%aﬂfa ‘Pj>2)
J

—ep(—3(A1S)  (feH). 22)

Hence A is the mean of rank-one tensors with respect to Gaussian measure
A= [ ] po(du)

The k-fold tensor product H®* can be completed to give a Hilbert space, so that the space H*** of symmetric tensors gives a
closed linear subspace. We consider

I = [ 10) @ o).
H

An element of H?*®H®* determines a linear operator .2 (H®), commonly referred to as a matrix, so J®) e (L2)7®k&(L2)®k
gives a k-point density matrix, or equivalently a trace class operator J®) ¢ £ (H®¥) . The following computation of Gaussian
moments is known in Quantum field theory as Wick’s theorem.

Lemma 3.3 of>2 contains calculations regarding J (¥} which we have not been able to interpret, particularly line 8 of page 79.
Here we calculate J(2) directly, before addressing the case of general k. Evidently we have E(7;%.},) = 0 if one of the indices
J,€,m,n is distinct from all the others; otherwise, we have all the indices equal, or two distinct pairs of equal indices. Hence we
have

[ Tusnusul podn) = Y. /@G0T | 93 000 o0 | EG100)

Jbm,n

223%2 | 9; @ @) {0 0; |
J

+ Y ajoy | 0@ e) (9@

Jil:j#t

+ Z 0O | (pj®(Pj><(Pm®(pm |
J.m:j#m

+ Y ooy | Q0o (e (2.3)
Jil:j#t

and we combine the second and fourth of these to obtain

[ Tueutueu] woldi) = Y307 | 0,05) (9,99
J

1
t5 Y %0 | 0o+ 0) 000+ o)
JLj#L

+ Y 0 | 9,00 (00 e | 2.4)

Jamj#m

which exhibits the right-hand side as a symmetric tensor, in which the final term shows the integral is not diagonal with respect
to the orthonormal basis

{(PJ'@(PJ, (P;@Q+o@¢)/V2 jle N;j%ﬁ}

of the symmetric tensor product H ® H, hence J?) is not a multiple of A ® A.
For k € N, let I; be the set of all partitions of k so that & € IT; may be expressed as k = k; + ko + - - - + k;, where the row

lengths k; € N have k; > kp > - -+ > k;,. Given such 7 and a n-element subset {Jj1,---,Jn} of N, there is a symmetric tensor
1 ®ky ®kn ®k
T2 0elin @€ 0y €H
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where the sum is over all the permutations o of {j,..., j,}. The set of all such tensors gives an orthonormal basis of the k-fold
symmetric tensor product H*X,
We express u as in (2.1) and consider the expansion

| “®k><“®k | = Z v Oy - - Oy Yoy - - - Yimoy ‘ Om, ®"'®‘Pmk><q’mk+1 ®"'®(pm2k | (2.5)

(my,...,mp ) ENZK

in terms of this orthonormal basis of H*®*, and look for the terms that do not vanish after integration with respect to L.

Definition IL.1. (even decomposition) Given & € IT; consider a pair (,p) € H,% with rows A : k = ¢ + 0y +--- + £, where
;e NU{O}andp:k=ri+r +---+r, where r; € NU{0} and

2kj:€j+rj (j:l,...,n),

so that A and p have equal numbers of odd rows; here rows may have zero lengths, and the rows are not necessarily in decreasing
order. We refer to (4, p) as an even decomposition of 7.

Remark IL2. There are various alternative descriptions of even decompositions. We write A ~ p if A and p are partitions that
have equal numbers of boxes and equal numbers of odd rows; evidently ~ is an equivalence relation on the set of partitions.
By?° Theorem 4 there is a bijection between symmetric matrices A that have entries in NU {0} with column sums ¢y, ..., ¢, and
Young tableaux P such that have c; occurrences of j as entries and number of columns of P of odd length equals the trace of A.
Given symmetric matrices A and B with entries in NU {0} such that A and B have equal traces and equal totals of entries, then
the RSK correspondence takes A to P and B to Q where P and Q are Young tableaux with an equal number of boxes, and their

transposed diagrams P’ and Q' have an equal number of odd rows, so P’ ~ Q'.

For notational convenience, we also regard (pj®0 as a factor which may be omitted in tensor products. Then given such a triple
(m,A,p) and an n-subset {ji,..., j,} of N,

aj.‘]l Lo | wﬁ“ Q- ®(p%£”><(pﬁ” R @ |IE(9/12.]"‘ ﬁz"z A (2.6)
where
(k)
E(r, ' 7,2 v) = (k.’) 2.7)

gives a nonzero summand in J*).

Conversely, let (,p) € H,% and suppose that A and p have equal numbers of odd rows, so that after adding zero rows
and reordering the rows we have r; 4 £; even for all j. Then we introduce 2k; = £; +r; and after a further reordering write
k=ki+ky+---+k, where k; € N have k; >k, > --- > k;,, and we have 7 € II; as above. Given a n-subset {ji,..., j,} of N,
we take 2k, copies of j,, and split them as ¢, on the bra side and r,, on the ket side of the tensor for m = 1,...,n, making a
contribution as in (2.6). We summarize these results as follows.

Proposition IL.3. The integral J®) is the sum over the summands (2.6) that arise from a 1t € I1; with n nonzero rows, a n-subset
of N, and an even decomposition of T into a pair (A,p) € H,% where A and p have equal numbers of odd rows.

I1l. CONCENTRATION OF k-POINT MATRICES FOR GIBBS MEASURE

Let H = L*(T;R) and let (7;) jez be mutually independent Gaussian N(0, 1) random variables on some probability space
(Q,P), where z; = (y;+iy-;)/V2) and z_; = (y; —iy_;) /2 for j € N. Then we take Brownian loop to be the random Fourier
series in the style

ij0
wo)y= Yy L 3.1)
ety M1

so that Wiener loop W (du) is the distribution of u € H, namely the probability measure induced by random variable u via
(Q,P) — (H,W). By orthogonality, we have

~ de 12
/TIM(G)IZEZ Yy Lol 3.2)

jetngoy I
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so that u € By o, if and only if }; yjz /j* < K. Chernoff’s inequality, and independence we have

2
| Y Lok ge*”‘ﬂ 0<t<1/2,K>0). (3.3)
JeZN{0} J sm(ﬂ\/Z)

The low Fourier modes are the predominant terms since one has the estimate

[P[ Z _ﬁéZK gexp(m—Km2/4) (meN,K >0), (3.4

jezifjlz=mJ

which also follows from Chebyshev’s inequality and independence.
Let uy (du) = {(A) " exp(AV (u))W (du) where

Ch) = [ exp(hV ()W)

so that py is a probability measure; we can take V(u) = [ u(6)*d8/(27) and W to be Brownian loop measure. Here ; is
Gibbs measure (1.5) with the inverse temperature f3, but we prefer to work with A = —f8 > 0 so that the convexity statements
are easier to interpret.

Theorem IIL.1. Under the family of Gibbs measures (1.5) associated with NLS (1.3), the random variable u s (u®* | T | u®*)
withu € (Bg,L?,11y) and T € £ (H***) satisfies a Gaussian concentration of measure (3.6), the mean is a Lipschitz continuous
Sunction of B, and the mean for B = 0 is a sum over partitions of 2k over even decompositions.

The statements in this theorem will be proved in this section. They involve the integral
k ' .
6y = [ 1w W | (du) (3.5)
JBg

where 1 is the Gibbs measure for NLS. In the defocussing case, the k-particle density matrix of an interacting quantum system
with suitable initial conditions converges to its classical analogue see Ref.! (2.16) for the 1D case and Ref.3? for 2D and 3D.

We can write u = P+ iQ for real variables (P, Q) and interpret (u®* | T | u®*) as a homogeneous polynomial in (p,q) of total
degree 2k.  The following result gives concentration of measure for Lipschitz functions on (B, L?, ), and shows that k-point
matrices are concentrated near to their mean value.

Proposition IT11.2. For T € .Z(H**) with operator norm ||T |, let gr : Bx — C by gr(u) = u®* | T | u®k). Then there exists

o = a(B,K) > 0 such that

2
. (k) —ar

Proof. Here gr has mean value

[ e = [ @7 [0, () = wace(G{T). (3.7)
JBg Bk
Also g7 is Lipschitz, with
2k—1 ' '
ler () —gr W < IT) Y Null/|vIP*7 " lu—v]| < 2kK*2|| T [lu—v]  (u,v € B). 3.8)
j=0

By the logarithmic Sobolev inequality Theorem 1.2(iv) of”, there exists & = (K, ) > 0 such that

2 "
| o falutan) < [ e @atos( [ falurdn))+ = [ 1V£10 () (39)
By Bg By O JBg
for all continuously differentiable f : Bx — R, where V refers to the Fréchet derivative. In particular, we choose

f(u) =exp(rRe(gr(u) — trace(Gt(k)T)) /2)



AlP
{‘f:: Publishing

Hasimoto frames and the Gibbs measure of the periodic NLSE 6
and we deduce that the moment generating function
o(r)= /B exp (rRe (g7 (u)— trace(G;k)T)))/.L;L (du) (3.10)
19
satisfies ¢(0) = 1,
9'(0) = /B Re(sr(0 — trace(GVT)) iy (du) = 0,

hence r~'log @(r) — 0 as r — 0-+. The differential inequality
8k2K2k—1 ||TH2}’2

rg'(r) < @(r)log(r) + p o(r) (.11
follows directly from (3.9), hence
d (logfp(r)) S
dr r - a ’
S0 we obtain the concentration inequality
SIZK2K—1(|T(122
o(r) §exp(¢> (r>0). (3.12)
One can conclude the proof by a standard application of Chebyshev’s inequality to the integral for ¢ in (3.10). O

To make full use of the previous result, one needs to know the mean trace(G;k) T) as in (3.7), which depends upon the measure
in (3.5). The following shows how the mean can vary with the inverse temperature § = —A.

Proposition II1.3. For g: Bx — R an L-Lipschitz function, the mean values of g with respect to the measures [ satisfy

2(p— )2
(f, st~ puta))” < 2 [T w0002 (s () 6.13)

where o is the constant in (3.9) for l,, and some A € (a,b).

Proof. We observe that log {(A) is a convex function of A > 0 and by the mean value theorem, there exists a < A < b such that

/b b—ua 2 " 2{ ,l 2
g £(0)~tog0) = ~(0 )+ 5 (G - )

_a?
(-0 | Vi + ey VP @), G

Let Wi (Uq, Hp) be the Wasserstein transportation distance between p, and i, for the cost function |ju — v||;2, as in page 34 of
Ref.#!. Then by duality we have

’/B,(g(“)“b(d“) f/BKg(u)uu(du) < LW (1, 1)

f,41

By results of Otto and Villani discussed in Ref.*! pages 291-2, the logarithmic Sobolev inequality of Theorem 1.2(iv) Ref.”?

implies a transportation cost inequality

2 1/2
Wi (s ta) < (aEnt(ub | ua)) (3.15)
in the style of Talagrand, where the relative entropy is

di

E = 1
nt(tp | Ha) '/BK g g, iy (da)

= (b=a) [ Viuus(du) ~ (log () ~£(@)

K
b—a)?
= 1 ) // (V(u) =V (w))* 1z, (du) iz (dw), (3.16)
By xBg

where the final step follows from (3.14). The stated result follows on combining these inequalities. O
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Proposition IIL.4. The integral Gék) from (3.5) is the sum over the terms (2.6) that arise from a © € I1; with n nonzero rows, a
n-subset of N, and an even decomposition of T into a pair (A,p) € H,% where A and p have equal numbers of odd rows.

Proof. The measure L is a Wiener loop measure restricted to By. For any sequence (&,),cz € {£1}Z, the sequence (%,)nez
with ¥, mutually independent N (0, 1) Gaussian random variables has the same distribution as the sequence (€,Y)ncz. Also, the
condition ¥,z {0} y2 /n* < K does not change under this transformation. Let u¢(8) = Y €iCje 9/|j|. We therefore have

= [, o 1 depo(a
v BK

where de¢ is the Haar probability measure on the Cantor group {#1}%. The measure on {=} is associated with tossing a fair coin,
and Haar measure is the product of such probability measures. We can therefore compute the inner integral in this expression

for G(()k) by the same calculation that led to the corresponding statement for J*), since we only used the even decomposition of
partitions to derive (2.6). 0

‘We have

c N [p=<x? (3.17)

Jjez\{0}

¥

jez\jo} /

where the sets are independent under the Gaussian measure dIP, so we have a substitute for (2.7). Conditioning on the event Bk,

bl du) < P(Bg)"! / PP, 3.18
/ 7/21 ]n ( u) K H 2<K][ ( )
where P(Bk) satisfies (3.3) and there is an approximate formula
2ky)! PR\k—1/2 e JiK/2
keqp = (2 £ . 3.1
/Wsm%] =00 ) i) G

IV. CONCENTRATION FOR METRIC MEASURE SPACES

In a similar spirit, we give a concentration result for k-fold stochastic integrals. This result resemble the integrability criteria
of'* which relates to a single variable. Let H(% be the homogeneous Sobolev space of v € L?(T;C) that are absolutely continuous
with derivative v/ € L*(T;C) with [pv(x)dx = 0. Let h; € H} for j = 1,...,k be such that ZI;-:1 f(h'j)zdx < 1, and consider
(O BI;( +— R¥ given by

k
D (uj)ljzl — (/uj(x)h'j(x)dx%:l. 4.1)
The following result describes the distribution of this C¥-valued random variable.
Proposition IV.1. Let vi be the probability measure on C¥ that is induced from uK B by ®. Then there exists og > 0 independent
of k such that
2
‘/ Gowzbg<G002//fﬂdvk)wddw)g——— IVG(w)|Pvi (dw) 4.2)
Ck Ok Jck

for all G € C}(CK;R). The distribution vi has mean xy and satisfies

t2,

[E Bl Ry < (1-0) C o P<a) 43)

Proof. We observe that for all u = (uj) _,EBkandv= (v]) _, € B% we have

1 (u) ”W<Z/M ZWZ/M x) —v;j(x)Pdx (4.4)
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s0 @ : (By,*(L?)) — (R*,£?) is Lipschitz with constant one. Each metric probability space (B, L?, lix g) satisfies a logarithmic
Sobolev inequality with constant ax > 0 by Ref.”, and the probability space (B, ¢2 (LZ),u[?];;) is a direct product of the metric
probability spaces (Bg,L?, Uk p), hence also satisfies a logarithmic Sobolev inequality

2
/ Go®d(u)? 1og(Goq> //God)zdl.tkﬁ>u,(5( )Sa—K/Bk IVG o ®(u) |’ (du) (4.5)

with constant o independent of k, by section 22 of Ref.*?.

We introduce xo = [« xVk (dx) and consider

olr) = / Ry () (4.6)
ck
which satisfies ¢(0) = 1, ¢’(0) = 0 and the differential inequality
/ 2yl
19'(1) g(p(t)logq)(t)—i—ﬁ(p(t) 4.7)
follows from (4.2). This gives
/ R0y () < P/ 2a) (4.8)
C
which we integrate against e —lvI?/2 , where y € CF = R, to obtain
2\ —k
o lxoll?/2,, _r 2
/C k @< (1-2)7 @< 4.9)
O

The probability space (Bx,L?, Uk g) has a tangent space associated with infinitesimal translations. Let H ! be the Sobolev
space of v € L*>(T;C) that are absolutely continuous with derivative v/ € L>(T;C); let H~! = (H')* be the linear topological

dual space for the pairing (v,w) — [rv(x)w(x)dx/(27) as interpreted via Fourier series. Then there is a Radonifying triple of
continuous linear inclusions

H' -1 — (HY (4.10)

associated with the Gibbs measure pg. The space H' has orthonormal basis (h,)>__.. = (¢"% /v/n2 +1)°___. and the covariance

n=—oo

matrix of Wiener loop is Ry = diag[1/(1+n?)]:>__,, with respect to this basis. By Cauchy-Schwarz, we have

¥ Robt)l = [ X | [P pla

V1+n2) 1+£|/h’ (x)dx|*W du Z/ I_S(LHK’ﬁ)de)l/z 4.11)

<(/ £ o

n=—oo

for all € > 0. By such simple estimates, one can deduce that there exists, for each f and K > 0, a self-adjoint, nonnegative and
trace class operator R such that

Rf.g). = / dG/ 7iid 0 11y g (du), 412
(RF &) /BK /[o,zn]fu 027 %" Hic p (du) (4.12)
(1)

which gives the covariance matrix of the Gibbs measure on H'. This is essentially G o upto the identification of Hilbert spaces
in (4.10).

Cameron and Martin computed the density with respect to the Wiener measure that results from the linear translation u +— u+v
for v € H!; their results extends to Gibbs measure with some modifications.

We momentarily suppress the dependence of functions upon time, and consider for p,q € H', the linear transformation
P+iQ— P+ p+i(Q+q). Cameron and Martin proved that free Wiener measure (f = 0) is mapped to a measure that
absolutely continuous with respect to the free Wiener measure. Likewise, Gibbs measure is mapped to a measure absolutely
continuous with respect to Gibbs measure. The total space of the tangent bundle to the v/K sphere in L? is

{(f.h): fEL?|Ifl}. =K:h € H' ,(Rf b} =0}

which has fibres that are subspaces of H!. With this in mind, we make a polar decomposition P+ iQ = ke'® with k = \/P? + 02

and consider T = %‘;
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Proposition IV.2. For p,q € H' the functional

L(P,Q) = / 9P e cos odx — / 29y sin 6 dx (4.13)
is a Lipschitz functional of P+ iQ = xe'® such that

|, exp(sLP.0)=s || L(P.0)uk p(dPdQ)) s p(aPdO)
0
confer (%)

Proof. Note that P+iQ — k is 1-Lipschitz with

+(‘;z) )dx} (s €R). (4.14)

1
[0k, kV0| = —— [P Q} €50(2).
/P2 + Q2 QO P
Also k?||Hess o || is bounded. We have
oK o /dk
L(P,Q) = /p(a CoSO — Krsincr)dx—&—/q(g sino + Krcoscr)dx (4.15)
which is bounded on L? with norm A where
ap\2 0
A2§/<(—p) +( q) )dx (4.16)
T\\ dx dx
By the concentration of measure theorem for vg, we deduce the stated inequality. O
Definition We say that (M,d, u) satisfies Tr (o) if
2
Wa(v,u)* < —Ent(v| ) (4.17)

for all probability measures V that are of finite relative entropy with respect to 1. The notation credits Talagrand, who developed
the theory of such transportation inequalities. Otto and Villani showed that LSI(c) implies T»(); see Refs.*! and*?

Theorem IV.3. Let (M,d, L) be a metric probability space that satisfies To(t); let

MY 2(d), u®N) be the direct product metric probability space. Let L5 =N"! Y™ | 8z, be the empirical distribution for & =
j=1 5/

(& j)?l:l € MN where & ; distributed as [ Then the concentration inequality holds

N®N({§ i€ MY 1 |W, (LS, 1) — EW, (Ly, )| > & }) <2e7NOE2 (g5 () (4.18)
forp=1,2.

Proof. The map between metric spaces
1 N
Ly : (MY, £2(d)) — (Prob(M),W5) - (x;)}2; — ¥ Y & (4.19)
j=1

associated with the empirical distribution is 1/v/N-Lipschitz. Let (x j)ljyzl, (y j)IjYzl € MY and consider the probability measure
on M x M given by

| N
-N 1:21 6(Xj7yj) (4.20)
which has marginals L}, = ZN 5 and L), = -1 ): 4 8y hence gives a transport plan with cost
N
//MXM xy n(dxdy) = Z x],y] . 4.21)

j:
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Suppose that (M,d, u) satisfies T>(t). Then we take N independent samples &, ..., Ey, e;ach distributed as u so they have
joint distribution u®N on (MV,¢?(d)), where by independence® Theorem 1.2, (MV,¢*(d),u®V) also satisfies 7> (). By form-

ing the empirical distribution, we obtain a map Ly : (MY, ¢2(d)) — (ProbM,W,). Then @(&) = v/NW,( N,u) is 1-Lipschitz
(MM, ¢%(d)) — R, since by the triangle inequality and (4.21),

N
9(E) — (M) < VNW,(L§, LY) < VNWs (L5, L) < Z &) (4.22)

hence ¢ satisfies the concentration inequality

[ ew(to6)—t [ pan™)au N <exp(®/2)) (< R). (4.23)

Then the stated concentration inequality follows from Chebyshev’s inequality.
O

Theorem IV.3 gives a metric version of Sanov’s theorem on the empirical distribution; see page 70 of'®. There are related
results in Bolley’s thesis!?. By'®, Theorem IV.3 applies to Haar probability measure on SO(3) and normalized area measure
on S?, as is relevant in section 7 below. However, to ensure that EW,(Ly, 1) — 0 as N — oo, it is convenient to reduce to
one-dimensional distributions, where we use the following integral formula. For distributions ¢ and v on R with cumulative
distribution functions F and G, we write W, (L, v) = W, (F,G).

Proposition IV.4. Ler & be a real random variable with finite fourth moment, and cumulative distribution function F. Let
&1,...,Ey be mutually independent copies of & giving an empirical measure L5 = 12 1 55 with cumulative distribution

Sfunction F1$ (t). Then
/ Wi (Ff F)u®N (d€) < / —F(1))dr. (4.24)

Proof. Let H be Heaviside’s unit step function; then F,\é, (1) =N"! ijy:l H(t—&;), so VN(Fy(t) — F(t)) is a sum of mutually
independent and bounded random variables with mean zero. Also, as in the weak law of large numbers, we have

EW, (Fy, F /E\FN )|dt</j;(IE((FN(t)—F(t))2) / VEOI—F@))dr,

where the integral is finite by Chebyshev’s inequality since EE is finite. Compare with the result of'!, which are effective for
very large N.

1/2

O

Proposition IV.5. Suppose that &, has distribution 1 on S* where u is absolutely continuous with respect to the normalized

area measure Vi, and dit = fdvy where f is bounded with || || < M. Let &; be mutually independent copies of &, and let Lf,
be the empirical measure from N samples. Then

¢ ®N __ —1/4 -
o LR AN = O (N o),

Proof. Let g:S? — R be 1-Lipschitz, and suppose without loss of generality that g has [ g(x) Vi (dx) = 0; then g is bounded with
llgll« < 7. Given & > 0, by considering squares for coordinates in longitude and colatitude, we choose disjoint and connected
subsets E, with diameter diam(E;) < & and v (E;) < 8% and u(E;) < Mv;(E) such that UyE; = S?>. We can arrange that there
are Ss such sets Ey, where S5 < C/82. Let .7 be the c-algebra that is generated by the E, take conditional expectations in
L?(vy), and observe that

[t = [ edn = [ (s0)~Be | #)arf+ [ (Ble| )= g0)du(

+ /S E(g] 7)(x) (dL (x) — dp(x)) 4.25)

where we have bounds
(0~ B(e | #))dLf] < supLip(e)diam(E7) < 5. (4.26)
‘/SZ E(g | ﬁ))du| < sulep( )diam(E;) < 8, 4.27)
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and the identity

2)d
E(g| #)(x) (L (x) — du(x)) = Y. M

¢
2 - (E/) A/(dL d.u)v

so by Cauchy—Schwarz, we have
Sy 2 eN
/W( [ (e | 7)) (dLf () — dua () ) du

<Y VESIE YL -z o LR E) — (B0 du™ (4.28)
L l

where LI%(EE) —u(E)) =N"1 Z’}’:] (Ig, (&) — u(Ep)) is a sum of independent random variables with mean zero and variance
N~ (Eo) (1= p(Ep)), so

_ £ 2 ov_ 1o m*CM
Joye (L Be 1 P)0 0 i) ) ™ < gl Ev < T (429)

Choosing 6 =N ~1/4 we make both (4.26) and (4.29) small, which gives the stated result.
O

Remark Consider the discrete metric § on [0, 1], and observe that I4 gives a 1-Lipschitz function on [0, 1] for all open A C [0, 1].
Then we have [T4(x)(du(x) —dv(x)) = n(A) — v(A), so by maximizing over A we obtain the total variation norm ||t — V|| ,q/-
With u a continuous measure and v a purely discrete measure, such as an empirical measure, we have ||t — V||yzr = 1. The
Propositions IV.4 and IV.5 depend upon the choice of cost function as well as the measures.

The Gibbs measure (1.5) was defined using random Fourier series. This construction gives us a sequence of finite-dimensional
probability spaces which approximate the space (Bg, L, Uk ). To make this idea precise, we recall some definitions from Ref.%0.

Definition IV.6. (Convergence of metric measure spaces)
(i) For M a nonempty set, a pseudometric is a function § : M — [0, 0| such that

O(x,y) =0(y,x), 6(x,x)=0, 8(xz)<8(xy)+6(rz)  (x,y,z€M); (4.30)

then (M, §) is a pseudometric space.

(ii) Given pseudo metric spaces (M;,0;) and (M, d;), a coupling is a pseudo metric 6 : M — [0, 0] where M = M| UM, such
that &6 ‘Ml x M| = 0; and 6 |M2><M2=52.

(iii) Suppose that M, = (M1, 8, ;) and My = (My, 8, 1) are complete separable metric spaces endowed with probability
measures. Consider a couphng (M, 6) and a probability measure T on M| x M, with marginals 71; = y; and @ = . Then the
[? distance between M; and M, is

. 12
2 (W11, W1y) = i / 8(x,yn(dxdy) @.31)
8, \JMxM

Let D, be the Dirichlet projection taking Y5 . (ax +ibi)e™® to Y__, (ax + iby)e'*®. Following'3, we truncate the random

Fourier series of u = P+iQ = Y5 (ar +iby)e*® to u, = P, +iQ, = Yi__, (ar +ib;)e*® and correspondingly modify the
Hamiltonian to

4do

ak+lb ) ik0 27.E

kffn

HY (a), (b)) Z K (af +b7)+ 432)

kffn

for the real canonical variables ((ax,by));__,. Then the canonical equations become a coupled system of ordinary differential
differential equations in the Fourier coefficients. We introduce the polar decomposition P, +iQ, = k,e'%", and observe that in

terms of these noncanonical variables, the Hamiltonians H = Jrk2d0 and
81<,l d0,\2\d6 B [ ,d6
— | K,=— 4.33
#' / +2(5%) )5 PR AT @33

are invariants under the flow.
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The corresponding Gibbs measure is

-1 -B 4d6
dug'y = 2(K, B,m) Ty, (un)exp( = /T lun(0)] ﬂ)W(dun) (4.34)
in which W (du,) is the finite dimensional projection of Wiener loop measure and is defined in terms of the Fourier modes as

n 2 2da;db;
Wdw)= ] exp(—%(aﬁ + b?)) ’27721 (4.35)
Jj=—n3j#0

Consider the map u(x,) — u(x + h,t) of translation in the space variable. This commutes with D,,, and the Gibbs measures

“1(:;3 are all invariant under this translation. In terms of Fourier components, we have M., = B and

n
My ={ (a1 apb; €R: Y (@ +03) <K} (4.36)

j=n

with the canonical inclusions of metric spaces (M, ¢?) C (M, (?) C -+ C (M, ¢*) defined by adding zeros at the start and end of

the sequences, which gives a sequence of isometric embeddings for the £> metric on sequences. When we identify (a i,b j);!:fn
with Z;fz_n(a i +ib j)eij 9 then we have a corresponding embedding for the L metric.
Here (M,,,L?, ,ul(:;a) is a finite-dimensional manifold and a metric probability space. We now show that these spaces converge

to (Mw,Lz,,u.Kﬁ) as n — oo,

Lemma IV.7. (i) Suppose that 0 < —BK < 3/(1472). Then M, = (M, L2, 11"}) has

D2 (M, M) =0 (n— o). (4.37)

(n)

(ii) The measures L, p converge in total variation norm to [g g as n — oo.

Proof. (i) This is proved in Theorem 3.2 of Ref.’; see also Example 3.8 of Ref.*?. Let W5 ( u, ) be the Wasserstein transporta-

tion distance between free Brownian loop measure i and the pushforward of u under the Dirichlet projection, 1™ = D,fp, for
the cost function ||u — vHL
The key point is

Wa(u® 0> < [ 1Dy ulspa(d)

2 1
~E Y @:0(;) (n — o). (4.38)

2
k:|k|>n k

(i1) The measures “1(:;3 converge in total variation norm to Lk, by an observation of McKean® in his step 7. By M. Riesz’s

theorem, there exists ¢4 > 0 such that [ |D,u|*d0 < c4 [1|u[*d®, and by! the integral

/ exp AC4 / Jua( |4d9 W (du) (4.39)
is finite, so we can use the integrand as a dominating function to show
4 4
/ exp (l/ IDu(6)[*d6) - exp(x/ u(0)1*a8) [W(du) 50 (2> <), (4.40)
Bk T T
O

Proposition IV.8. Let (M, LIM..,8,) be a coupling of (M,,L?) and Mw.,L*), and let ¢ : (M, UM..,5,) — R be a Lipschitz
function. Then

|, otwupam) = | punpln) (1) @4
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Proof. We can introduce a pseudo metric §, on M, U M., that restricts to the L?> metric on M, and M.., and apply (4.42) to
Lipschitz functions ¢ : (M, UMw,d,) — R.  We can regard M,, X M. as a subset of M x M = (M,, UM..) X (M,, UM..). Note
that for a Lipschitz function ¢ : M — R such that |@(x) — ¢(y)| < d(x,y) for all x,y € M, we have

[, otmmyan) = [ otmeptan = [[ (o)~ pw)ndud,)
/ /M anNs(u,,, )7 (dutnclut)
([, st
= D> (M, M.0). (4.42)

O

For example, with u = Y7 (ai + iby)e*® we introduce Dyu = Y7_  (ay + iby)e'*®; then @(u) = ||Dyul;2 and y(u) =
||e — Dyul| ;> give Lipschitz functions @,y : (Bg,L?) — R.

Proposition IV.9. For 0 <y < 1/16 and fixed 0 < t < ty, the map x — u(x,t) € L* is y- Holder continuous, so that sup{ ||u(x+
h,t) —u(x,t)|| 4/ |h|7);h # O} is almost surely finite.

Proof. We prove that for 0 < ¢ < #y, we have C = C (1) such that
/ u+ hyt) — u(x,1) || o btg p (du) < CH (4.43)
By +

50 x > u(x,1) € L} is y- Holder continuous for 0 < y < 1/16 by the Kolmogorov—Centsov theorem, as Ref.?®. To obtain (4.43),
let J35(x) =Y/ ¢ /|k|3/8 so that J3/8(x) |x|/8 is bounded on (—7,7) and J38 € L*3(—n, 7). Then by Young’s inequality for
convolutions, with |D| : ™ > |n|e™ we have

e +R,1) = (e 1) || o < sl osa | IDF Pt y) = (Dt )| (4.44)
Then by Bourgain’s estimate on the solutions of NLS from Ref.5, there exists C(¢y) such that
(|u(x+h,t) — ”(X’I)HHE/S < Clto) ||u(x+h,t) — u(x,t)’|H3/g (4.45)
where

| o+ ) =) b )
K

< (/BKHu(Hh,t) ||H3/3W(du))1/2 (/BK (dggv’ﬁ)ZW(du))l/z. (4.46)

By basic results about Gaussian series, the first factor on the right-hand side is bounded by the eighth power of

Z

KA1 — coshk) ~cpl/a “47)

so we obtain (4.43). Also, by rotation invariance of the Gibbs measure, we have

/BK|M(9—|—h,t) —u(8,1)[ g (due) = /BKHu(JH—h,t) )| p ),

which is
3 1/2 du 2 1/2
<(/ u(x+h,0) —u(x,0 Wdu) (/ (—)Wdu)
< (f, et 0) —ute 0) [y (@) ([ (G55) Wlaw
= 1 —coshk 2 2
ce(f——) <o
so x — u(x,t) is 1/4-Holder continuous along solutions in the support of the Gibbs measure. O
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V. HASIMOTO TRANSFORM

We recall the Hasimoto®® transform, which associates with a solution u € C? of (1.3) a space curve in R* with moving
frame {T,N,B}; Hasimoto considered the case § = —1/2. In the present context, u is associated with the space derivative of

a tangent vector T to a unit speed space curve, so the curvature is kK = || % ||. We have a polar decomposition u = ke’® where
o(x,t) = [y T(y,1)dy and 7 is the torsion. Then the Serret-Frenet formula is

8T 0 x O |T
7N=—1<0r N|, (5.1
*|B 0 -t 0| |B

so the frame develops along the space curve. Let X = [T;N;B] € SO(3), and Q(x,¢) the matrix in (5.1). When Q;(-,#) €
C(T;s0(3)), the solution X (-,¢) € C([0,27]; SO(3)) to (5.1) is 27 periodic up to a multiplicative monodromy factor U (¢) € SO(3)
such that X (x+2m,¢) = X (x,0)U (¢).

The frame also evolves with respect to time, so that with (L = — %—‘t’ — Bx?, we have
9 T 0 -—7x % T
5 N| = r;c 0 —ul |N|. 5.2)
B — (T’; u 0 B

Let Q; denote the matrix in Equation (5.2). For a pair of coupled ODE dX /dx — QX = 0 and dX /dt — QX = 0, the corre-
sponding Lax pair is
a1Q; I
— ——+|Q,Q,| =0.
o " ax T
Lemma V.1. (Hasimoto) If u is a C* function that satisfies the nonlinear Schrédinger equation, then the coupled pair of differ-

ential equations is consistent in the sense that there exists a local solution of the pair of ODE, and there exists a local solution
of Lax pair.

Thus the frame X € SO(3) evolves along the solution P+ iQ € Bk of NLS, and we can regard d /dx — Q; and d/dt — Q; as
connections for this evolution. Both of the coefficient matrices are real and skew symmetric. One can check that a solution of
the integral equation

X (x,1) = Xo(x) +1£,(0,0)X0(0) + /Ox/()t (w —I—Ql(y,s)Qz(y,s))X(y,s)dsdy (5.3)

satisfies

dX (x,0)

X(x,0) = Xp(x), P

= Q(x,0)Xo(x),

X (x,1) (8Q1(x,t)
oxot ot

so smooth solutions are given in terms of an integral equation.
From the Serret—Frenet formulas the components of the acceleration along the space curve satisfy

2
Jr G = (55) + e = (52) "+ (5)°
2
( 0-T

2
T-W) =kt = (PP+ Q) (5.4)

+Ql(x,t)§22(x,t))X(x,t),

The total curvature of the space curve is

/ K (x)2dx = / (P> + 0)dx = H,(P,0Q), (5.5)
JT T

which is an invariant under the flow associated with the NLS.
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Proposition V.2. Let
/ P(x)Q'(x)dx. Then, (5.6)

(i) —H, is convergent almost surely and is invariant under the flow associated with NLS,
(ii) —H, represents the area that is enclosed by the contour {u(x) : x € [0,2x]} in the complex plane, and

I
Hy == / K2 dx; (5.7)
2Jr

(iii) H22 <47 'H \H; for B > 0, where H\ is given in Equation (5.5) and Hs is given in Equation (1.1).

Proof. (i) The invariance of H, was noted in Ref.?” and can be proved by differentiating through the integral sign and using the
canonical equations. We have a series

du d J
0,1)—
JRCNE m ¥ i)
which converges almost surely. This follows since

[ sw| ¥ @) mep e

Bk N 'i.Z—nN
d 2 1/2 N o 2 1/2
< ([ () aw) ([ sup| X atisai| W) (5.8)
BK dW BK N j:—N
where the final integral involves the series
lim f‘, a(j)ija(j) = iM (5.9)

which is a martingale; by Fatou’s Lemma, we have

/ exp(lz |Z]‘ |Z iI? dW H/ Azl |Z jI? ))dW

- (sirzlgil ) "

(-1/2< A <1)2), (5.10)

so the series in (5.9) is marginally exponentially integrable. Hence the integrals in (5.8) converge by the L” martingale maximal
theorem for all 1 < p < co. ‘
(ii) One can write Hj in terms of P +iQ = k', and make a change of variables to obtain

_9(r0)
- d(k,0)

and

2/P’Q PQ)d Z/Krdx

To interpret this as an area, We write 6 € [0, 2] for the space variable and extend functions on [0,27] to harmonic functions
on the unit disc via the Poisson kernel. Then by Green’s theorem, we can express this invariant in terms of the area of the image

of D under the map to P+ iQ, as in
P,
- 2:// il ’Q)dxdy. (5.11)
D 9(x,y)

£26,

This is similar to Lévy’s stochastic area, as discussed in Example 5.1 o

(iii) We then have
(/ K ‘Cdx / 2d)c/ 2dx

which is bounded in terms of other invariants, with H2 <4-'H H;.
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Remark V.3.

(i) Bourgain'? interprets H in terms of momentum (5.70).

(ii) With M, as in (4.36), the space C*(M,;R) is a Poisson algebra for the bracket {f,g} =Y __, 3 af b)) and the canonical

equations arise with Hamiltonian H3( " on M,,. Let Q be the ring of quaternions, and extend the Poisson bracket to C*(M,;; Q)
via {f®X,g®Y} = {f,g} ®XY. Then (R?, x) may be realised as Q/RI and (s0(3),[-,-]) = (R?, x); see Example 2.3
of Ref.**. This Lie algebra is also the Lie algebra of SU(2), and there is a 2 — 1 group homomorphism SU(2) — SO(3).
Hence some of the following results may be expressed in terms of SU(2), which is the form in which a Lax pair for the
NLSE was presented, see Ref.*> and Ref.** (Subsection 8.3.2).

(iii) Suppose that T € C2([0,a] x [0,b];S?), so that T (x,¢) represents the spin of the particle at (x,) and let

8T

E(T) = — (1) H (5.12)

0

which corresponds to our 5.5. One can consider infinitesimal variations 7 — T + T X V and thereby compute aE . In the

focusing case B = —1, Ding?” introduces a symplectic structure on the space of such maps such that the Hamlltonlan flow
is
oT 9*T
— =T X = 5.13
o1 o2 G139

which corresponds to Heisenberg’s equation for the one-dimensional ferro-magnet, and gives the top entry of (5.2). There
is a a gauge equivalence between the focussing NLS and Heisenberg’s ferro-magnet. There is also a gauge equivalence
between the defocussing NLS and a hyperbolic version of the ferromagnet in which the standard cross product is modified.
We have

S G R LS (5.14)

9°T ’2
dx

ox2
(iv) Asin?!, the space
Z(8S0(3)) ={g:]0,2n] — SO(3);g continuous, g(0) =g(2x)}

with pointwise multiplication is a loop group, and its Lie algebra may be regarded as
Hl(s0(3)) = {h; [0,271] — so(3):h  absolutely continuous,  h(0) = h(27) =0, / I ()15, dx < oo}

The aim of the next section is to interpret the Lax pair suitably for solutions which are typically not differentiable and for
which we have a pair of stochastic differential equations with random matrix coefficients.

VI. GIBBS MEASURE TRANSPORTED TO THE FRAMES

The compact Lie group SO(3) of real orthogonal matrices with determinant one is a subset of M3,3(R), which has the scalar
product (X,Y) = trace(XY ") and associated metric d(X,Y) = (X —Y,X —Y)!/2 such that (XU,YU) = (X,Y) and d(XU,YU) =
d(X,Y) for all U € SO(3) and X,Y € M3,3(R). The Lie group SO(3) has tangent space at the identity element give by the
skew symmetric matrices so(3), so the tangent space TxSO(3) at X € SO(3) consists of {QX : Q € s0(3)}, where so(3) is a Lie
algebra for [x,y] = xy — yx, x,y € s0(3), and the exponential map is surjective so(3) — SO(3).

Consider the differential equation

ax

- =Q0x: X(0)=Xo 6.1)

where ¢ € [0,1] is the evolving time, and X € SO(3). We consider a column vector x € R3, satisfying % = Qx which gives
a velocity, and ||x|| = 1 because Q € so(3). Following Otto’s interpretation*' of optimal transport in the setting of partial
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differential equations, one constructs a weakly continuous family of probability measures, ¥, on S? for # € [0, 1], which satisfy
the weak continuity equation,

% 4. (va,) —0. (6.2)

Likewise the differential equation (6.1) gives a weakly continuous family of probability measures, v, on SO(3). If the integral

1
/0 /S o QX I, g Vi(dX)di < oo, 6.3)

and QX is locally bounded, then QX is locally Lipschitz and V; is the unique solution to the weak continuity equation by Thm
5.34 of Ref.*!. Recall that for the operator norm on M3,3(R), ||A|| = sup{||Ay|| : y € R}, where || X|| = 1 for all X € SO(3) so
Jox| <j].

The weak continuity equation is equivalent to

/ o/ KIV0X) = / /K0 V0(d0) (6.4)

for all f € C(SO(3);R), where Xy — X, (Xo) gives the dependence of the solution of (6.1) on the initial condition. The velocity
field QX is associated with a transportation plan taking v;, to v;, which is possibly not optimal, but does give an upper bound on
the Wasserstein distance for the cost d(X,Y)? on SO(3) of

W2 vt27vt1 2
/ /SO QP wvildX)d  (0<n<n<l). 6.5)

Then by Theorem 23.9 of Ref.*?, the path (V;) of probability measures is absolutely continuous, so there exists £ € L'[0, 1] such
that Wa (vy,, vp,) < fttlz £(t)dr and 1/2-Holder continuous, so there exists C > 0 such that Wa(vy,, v;,) < Cltr — 14 |1/2.
Example VL1. (i) If Q; € M3,3(R) is skew, and X;,Y; give solutions of the differential equation

dX dy

then d(X;,Y;) = d(Xo,Yo). We deduce that if Xj is distributed according to Haar measure on SO(3), then X; is also distributed
according to Haar measure since the measure, the metric and solutions are all preserved via X — XU.

(ii) As an alternative, we can consider Xy to have first column [0;0; 1] and observe the evolution of the first column 7' of X
under the (6.1) where T evolves on SZ.

We now consider the case in which Q as in (5.2) is a so(3)-valued random variable over (M, tk g ,L?).

Proposition VI.2. Suppose that Q = Q(u(-,t)) where u(x,t) is a solution of NLS and that
[ 1900y e d) 6.7)
K

converges. Then for almost all u with respect to g g, there exists a flow (v;(dX;u)) of probability measures on SO(3).

Proof. Each solution u of NLS determines Q so that the associated ODE (6.1) transports the initial distribution of Xy € SO(3) to
a probability measure on SO(3); then we average over the u with respect to g (du). This Gibbs measure is invariant under the
NLS flow, so by Fubini’s theorem

/BK/ /SO 192 (-,0)) 37, , () Vi (dX )dlt i (de) (6.8)

converges. Hence the condition (6.3) is satisfied, for almost all u, and we can invoke Theorem 23.9 of Ref. 42, O

For the finite-dimensional M,, of (4.36) and solutions u,, = k,¢'%, the modified Hasimoto differential equations are

9 0 x, O
a—X(">(x,t): —K, 0 T, | X" (x,0), (6.9)
* 0 -1, 0
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and

0 —TnkKn BK,,
0 90, a2 |y
=—X"(x,1) = | 1,K, 0 "—1—[31( X (x,1) (6.10)
ot _ dky 36,1

e ﬁK 0

involves 7, = ‘936" and (aK”) + 12K = (‘gj?)2 + (aQ”) which is continuous, so there exists a solution X ) (x,7) € SO(3). We

can interpret the solutions as elements of a fibre bundle over (M, ,(( ),Lz) with fibres that are isomorphic to SO(3).
Let P+ iQ = ke'® be a solution of NLS and let

0 x O
Q=|-x 0 71|. (6.11)
0 —70

Proposition VI.3. (i) Let P+ iQ = ke'® be a solution of NLS with initial data in P(x,0) +iQ(x,0) € Bg NH'. Then Q; in (6.11)
gives an so(3)-valued vector field in L2 (x> (x,1)dx). _

(ii) Let P+ iQ = Kke'® be a solution of NLS with initial data P(x,0) +iQ(x,0) € H' N B, and let B, +iQ, = K,e'%" be the
corresponding solution of the NLS truncated in Fourier space, giving matrix Qg") . Let X,("> (x) be a solution of (6.9) and suppose
that X converges weakly in L* to X, (x). Then X; gives a weak solution of (5.1).

Proof. (i) With ® = v k2 + 72, we have

sinh® 1 —coshw
exp(hQ;) =1+ ° Qi+ ) Q2
where the entries of Q% are bounded by k2 + 72, hence
/T 1920 ()2, gy K .1 < o0 6.12)

for u € H'; however, there is no reason to suppose that 7 itself is integrable with respect to dx.
(ii) By (5.4) and (5.5), we have kQ; € L? for all u € H'. Moreover, Bourgain'? has shown that for initial data P(x,0) +
i0(x,0) = k(x,0)e°*0) in H' N By, the map

K(x,0)e"%0) s 1(x,1)Q (x,1) € L2 (6.13)

is Lipschitz continuous for 0 < ¢ <ty with Lipschitz constant depending upon ¢y, K > 0. We have

I h)X o)~ X O 1 o 9
i <2 [ 150 )
1 x+h 2
w25 [ kol i) (6.14)

where the right-hand side is integrable with respect to x by the Hardy-Littlewood maximal inequality and (6.12). Suppose that
X is a solution of (5.1). We take 1, to be locally bounded. Then by applying Cauchy—Schwarz inequality to the integral

h
X (x4h,t) = X" (x,1) = /0 Qg") (x+5,0)X" (x+5,1)ds,
we deduce that
/ X (e 4,6) = X () |2, gy K (6,1
(0,27
h
(n) 2 2
< h/o /[W] 1920 (45,011, K 1) dlxds 6.15)
where the integral is finite by (6.12). Also

Nl
)3
j=1

X0 (1) =X (1,03, s m)
Xj—Xj—1

XN n
< [0 ) Pax
X0
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forO<x; <xp <--- <xy <2m. We have

8 a n n
=~ a’i X 4 oWy ® (6.16)

so for Z € C*(]0,2n]; M33(R)) and the inner product on M3,3(R), we have

(X ") =

2

(ka(27)X ") (27), Z(27)) — (K,(0)X ) (0),Z(0)) _/o K (%) (X" (x), Z(x)) dx
_ [ ?o((") (), Z(x)) dx + / X0 K, ()@ () Z(x))dx 6.17)
0 X 0

where x, — K in H', 1 so with norm convergence, we have BK" — af in L2, and KnQ(") — kQq as n — oo, and with weak
convergence in L2, we have X — X , SO

(<(2R)X (27),2(28) ~ (K(O)X(0),2(0)) [ k()X (), Z(0)

2T Jx 2n
= | 5 KOz dxt [ X k()@ (x) TZ(x))dx ©.13)

O

The simulation of this differential equation computes X, € S? starting with Xy = [0;0; 1] and produces a frame {X,, Q. Xy, Xy X
Q. X, } of orthogonal vectors. Geodesics on S? are the curves such that the principal normal is parallel to the position vector,
namely the great circles. For a geodesic, X, x ©.X, is perpendicular to the plane that contains the great circle.

Let P+iQ = ke'° be a solution of NLS and let

0 —x7 %
Q= KT 0O 0]. (6.19)
-9 0 0

Proposition VL.4. (i) Let P +iQ = ke'® be a solution of NLS with initial data P(x,0) +iQ(x,0) € Bx. Then x — [; Qz(y,t)dy
gives a so(3)-valued stochastic of finite quadratic variation on [0,27] almost surely with respect to g (dPdQ). _
(ii) Let P+ iQ = Kke'® be a solution of NLS with initial data P(x,0) +iQ(x,0) € H' N B, and let B, +iQ, = K,e'%" be the

corresponding solution of the NLS truncated in Fourier space, giving matrix Q(Z"). Let X,(n) be a solution of (6.10). Then X,(")
converges in L% norm to X; as n — oo where X; gives a weak solution of (5.2).

Proof. (i) The essential estimate is
| EliCesin0) = aor) Pa ()
< X( ] s )=t Pra)

<X (] e -t wtan) ([ (oY aw)”

< CZ(/ u(xjin,t) — u(xj7t)|2W(du))1/2

<CY (xj41—x;j) <2mC. (6.20)
J

The function o is a progressively measurable stochastic process adapted with respect to a suitable filtration, and with differ-
ential satisfying an Ito integral equation?”. Therefore, we can control the KT term via

! 1,2 _ [ |dP| _ [*—QdP+PdQ
/O(KdO' 2k <dc,do>)_/0 kYo [dQ} _/0 N pee 6.21)

which is a bounded martingale transform of Wiener loop. This formula is reminiscent of Levy’s stochastic area as in Example
5.1 of Ref.?0.
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(ii) By (5.4) and (5.5), we have Q, € L? for all u € H'. Bourgain'? has shown that for initial data P(x,0) 4 iQ(x,0) =
K(x,O)eiG("’O) in H' N B, the map

K(x,0)e %0 5 Q, (x,1) € L2 (6.22)

is Lipschitz continuous for 0 <t < £y with Lipschitz constant depending upon fy, K > 0. We have

[ ieatiax <2 [ ((25) 4 e + w00,

where the final integral is part of the Hamiltonian. With Z € C*(T;M3,3(R)), we have the integral equation for the pairing (-, -)
on L2([0,27], M33(R))

t
& z) = x",2) + / x™ Q") TZ) ds. (6.23)
0
Consider the variational differential equation in L?([0,27],M3x3(R))

X0 (1) X0 (1,0)) = Q) ()X (1,1) X (1,0)

+(Q" (x,1) — Q57 (x,1)X ) (x, 1) (6.24)

where Q(")( t) and Q(m)( 1) —Q( ) (x,1) are skew.
We introduce a family of matrices U (x;¢,s) such that U™ (x;z,r)\U ") (x;r,s) = U™ (x;1,5) fort > r > s and U™ (x;1,1) =1
such that

J n
EU(”) (t,5) = Q) () U™ (x:1,5). (6.25)
Then the variational equation has solution
X0 (x,1) = X0 (1) = U (x;1 o>(x<’"> (x,0) — X" (x,0))

+/ U (s, r) (@4 (e:) — QU ()X ) (3, ).

Then

X (1) X0 1), X (1) X 0))

= 2Re((Q" (1) — QI (1))X ™ (1), X ") (1) — X (1))

L
< Q5" (1) = Q8 )L IX M ()12, + X (1) X (1) |2, (6.26)
so from this differential inequality we have
X1 () =X, < X0 - XD O) B, + [ €107 (6) 0 () s (6.27)

Now X (0) — X (0) — 0 and ng) (s) — Q" (s) = 0/in L2 norm as n,m — oo, so there exists X (x,) € L? such that X (x,) —
X (x,1) = 0 in L2 norm as n — oo,
We deduce that

X020 = 0,2) 3+ [ (K (9200)2) 3 (6.28)

so we have a weak solution of the ODE. O
Let Qg"’”") (x,7) be the Fourier truncated matrix that corresponds to a solution u,, of the Fourier truncated equation NLS,, then
let X™"n(x,t) be the solution of the ODE (6.10). By Proposition VI.2, the map u, — X™*(-,#) pushes forward the modified

Gibbs measure ,ul(;’) to a measure on (C(M,;SO(3)),L?) that satisfies a Gaussian concentration of measure inequality with
constant (8, K)/n?; compare (3.9).



Publishing

AlP

N\

Hasimoto frames and the Gibbs measure of the periodic NLSE 21

Corollary VLS. For each Z € L*([0,27]; M3x3(R)), introduce the R-valued random variable on (M,,L?, ,I,L,(( ))
Zo(un) = / (x50 (x 1), Z (x)) dx. (6.29)
[0,27]

(i) Then the distribution v of Z, satisfies the Gaussian concentration inequality

/ exp (12, —1 /M Zuaw )l (duy) < exp(n**/a(B,K)) (1 ER). (6.30)

n

(ii) Let v](\,n) =N"! le\':l 5Z(j) be the empirical distribution of N independent copies of Z,. Then W, (v](\,n) , v(">) — 0 almost surely
as N — oo, "

Proof. (1) As with u,, we introduce the corresponding data for another solution v,. As in (6.27), we have
||X(n,un)(x7t) ,X(n.,v;l)(xvt)H]%@ < e’||X(n’"")(0) 7x(n-,vn)( )H92R3
_|_/ r— SHQHHn )_ (ﬂ Vn)(x7s)||fo(3)ds. (631)

For given initial condition X ”=V")(O) =X ("’“W(O), and T > 0, we can take the supremum over #, then integrate this with respect
to x and obtain

2
[ sup X0 () X0 1) B
0 o<i<T

T
<l /0 195" (x, ) — Q5" (x,5) |2, s (6.32)

s0 Q) — X" is a Lipschitz function L2([0,27] % [0,T],s0(3)) — L*([0,2x];L=([0,T],R?)). By Bourgain’s results, there exists
C > 0 such that

1957 (x, ) — Q5" (x,9) |12 < Cllatn (6,5) = v (5,5) |
< Cnlfun(x,0) = vu(x,0)| 2, (6.33)
SO 1ty — X M) s a Lipschitz function on L)%, albeit with a constant growing with n. Thus we can push forward the modified
Gibbs measure (M,,L?, ué"}}) — L([0,27]; M3x3(R)) so that the image measure satisfies a Gaussian concentration inequality

with constant o (f3,K)/n? dependent upon n. For each Z € L?(]0,27]; M33(R)), we introduce Z,, so that where u,, — Z, is Cn-

Lipschitz function from (M,,,L?, ,u,((" 23) to R. The random variable Z, therefore satisfies the Gaussian concentration inequality
(6.30).
(i1) By Theorem IV.3, we can use the Borel-Cantelli Lemma to show that

IP’[|W1 (v,E,"),v(”)) —Ew, (V,E,n), v("))| > ¢ for infinitely many N} =0 (e>0),
where by Proposition IV.4, EW, (v](\;1 ) V) 5 0as N — oo, O

Consider a coupling of (M,,L?, /.LI((" ;3) and (Mo, L?, pgc p) involving measure 7,. For any bounded continuous ¢ : C — R we

can consider

| 0@ am)— [ o) pan
_ / / (0 ()~ 9(Z(0) 7 dndu) (6.34)
where

Dpr (M, M..) / / 8 (1t 1) T (dutndut) 50 (n— o0).
' X Moo



shing

n
[
]

AIP
Publ

i

2

Hasimoto frames and the Gibbs measure of the periodic NLSE 22

Proposition VL6. Let (¢;)7_; be a dense sequence in Ball(C.(C;R)) and (Y;)7_, a dense sequence in Ball (L?). Then there
exists a subsequence (ny) such that

/M @; (X ) Yy ) ) () (6.35)

Nk
converges as ny — o for all j,¢ € N.

Proof. We can introduce a metric so that M = [],,_; M,, LI M., becomes a complete and separable metric space, and we can
transport ft, onto M. Then ® =2~ ', + ¥, 27", is a probability measure on M, and p,, is absolutely continuous with
respect to @, so dit, = f,d® for some probability density function f, € L'(®). By convergence in total variation from Lemma
IV.7 (ii), here exists fo € L!(®) such that f, — fw in L' as n — . Given a bounded sequence (g,)_; in L™(®), there exists
8~ € L”(w) and a subsequence (n;) such that

/gnkd,unk = ‘/gnkfnkdw_> /ngwdw: /gde- (6.36)
O

Remark VL.7. For u € M., we have u,, = D,u € M,, so that u,, — u in L? norm as n — oo. It is plausible that (6.34) tends to 0
as n — oo, but we do not have a proof. Unfortunately, the constants are not sharp enough to allow us to use Proposition IV.8 to
deduce W5 convergence for the distributions on SO(3).

Vil. EXPERIMENTAL RESULTS

Our objective in this section is to obtain a (random) numerical approximation to the solution of (6.9). We consider the case
where the parameter § in (1.3) is equal to 0. Note that in this case, the Gibbs measure reduces to Wiener loop measure and
stochastic processes with the Wiener loop measure as their law are by definition Brownian loop. Equation (6.9) is a PDE with
respect to the space variable x, while the parameter of a stochastic process in an SDE is colloquially referred to as time. To avoid
confusion, in this section we refer to x as s; whereas the time variable ¢ is suppressed.

Recall the polar decomposition P+ iQ = ke'® where, k = /P2 +Q? and & is such that T = %—‘S’. Define o¢(P,Q) :=

tan~! (2 ) as the regularised It6 integral of 7. The It6 differential can be written as

P24g2
dog = fi1(P,Q)dP+ f2(P,0)dQ+ f3(P,Q)ds,
where
(=P
fl(PaQ) = (£2+P2)2+P2Q27
__ PE+P)
fZ(PaQ) T (82+P2)2+P2Q27
A(P.O) = — 2PQ(2+PY)  2PQ((E2+ P22+ PPQY) (2= PY)Q(2PQ* +4P(e? + PY))
N (R o Y R PN S =Ty (1P

We can write (6.9) in the form of a SDE, including a correction to convert from a Stranovich SDE into an 1t6 SDE as follows
dX; =AX;ds +BX,dP + CX;dQ 7.1

where,

0 VP2 +Q? 0
A=|—\/P2+0? Lf3(PO)+1f3(PO) A(P.O) ;
0 —£3(P,Q) IRPO)+15P0)

0 0 0 0 0
B=10 0 fil(hQ)], C=[0 0  fHPRO. (7.2)
0 -filhQ) O 0 —f(PQ) O
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FIG. 1. The figure demonstrates a sample path of the stochastic process X;, which is a solution to Equation (7.3). As X; € SO(3) the path is
visualised as the action of X; applied to a unit vector in R3. The numerical solution shown is for s € [0,10], and has a step size of h = 1073,

As justified above P and Q are each a Brownian bridge with period T = 27, thus they can be expressed in terms of Brownian
motions W and Wy; that is, P(s) = W (s) — sW; (27) /27 and likewise for Q. Equation (7.1) is now written as a standard It6 SDE,

X, = (A L Wlm) W2 C)Xsds + BX,dW, + CX,dW> (13)
2r 2

where A, B and C are defined as in Equation (7.2). The resulting stochastic process X; € SO(3) is then used to rotate the
unit vector yo = [0,0,1]" on S? to ys; = Xsyo, the third column of X;. The sample paths of this process can be described by
construction of a frame {yy, %, s X ¥ }. In order to simulate this SDE, we make use of a numerical scheme for matrix SDEs in
SO(3) developed by Marjanovic and Solo**. This involves a single step geometric Euler-Maruyama method, called g-EM, in
the associated Lie algebra. Figure 1 demonstrates a sample-path of y,; generated via this method, and the code used to simulate
a sample path is available’®. The sample paths start off on the great circle perpendicular to the y-axis, and so have constant
binormal y; X y;. As a sample path extends past the great circle, the binormal vector at each point deviates slowly; thus a sample
path can be thought of as a precessing orbit.

The Itd process yy is derived from the solution to Equation (7.3) and takes values in R3. Let Ys,n denote the numerical
approximation to y, on [0, T| with step size A, which is calculated using the g-EM method. The approximation error converges
to zero in the L? space of Ito processes as the step size 1 — 0,

E| sup |lys—snllzs| = O(R'%), (7.4)
0<s<T

for some € > 0 (See Piggott*). A value of € = 1/4 allows us to maintain control of the implied constants on the interval [0, 1],
and £ is taken to be 107>, We apply g-EM to Equation (7.3) on the interval [0, 10], upon which a smaller value of 4 would be
welcomed. However, we are attempting to calculate a distribution, so we need a large number of sample-paths.

The computational complexity of simulating a single sample-path is &'(T /h) where T denotes the length of the interval
simulated. Therefore, for a total of N samples, the computational complexity of our simulation algorithm is &'(NT /h). We run
our simulations using a machine equipped with an 8-core Intel Xeon Gold 6248R CPU with a clock speed of 2993 Mhz; we take
advantage of integrated parallelisation in MATLAB. With 2 = 107> and N = 2 x 10° the algorithm takes around 1 week to run
on our system.

Since the sample paths are constrained to S? the points y, can be specified in spherical coordinates of longitude 6, € [, )
and colatitude ¢; € [0, 7]. Figure 2 demonstrates the empirical joint distribution of 65 and ¢, for two different values of 5. As
can be observed, the distribution of (6y, ¢;) varies with s. We hypothesise that the angles 6, and ¢, evolve to become statistically
independent, and that y; will eventually be uniformly distributed on the sphere. In the remainder of the section, we test this
hypothesis statistically.
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FIG. 2. Histograms of the joint distribution of the third column of X; at two timesteps, s = 1 (left) and s = 10 (right). The distribution lies on
the sphere S? and thus the axes are chosen as the longitude 6; and colatitude ¢;. With respect to these axes the marginals of the distribution
become more independent over time.

a. Wasserstein distance between measures on S?.  We start by calculating the Wasserstein distance W) (v;, v») between
probability measures v; and v, on S?, which are absolutely continuous with respect to area and have disintegrations

de :fj(e)gj(¢ | G)Sln¢d¢d6 (9 € [—71',717},(1) € [O,E],j: 172)

where f; (j = 1,2) are probability density functions on [—7, 7] that give the marginal distributions of v; in the longitude 6
variable, and g; in the colatitude variable. Let F; be the cumulative distribution function of f;(6)d6 and G; be the cumulative
distribution function of g;(¢)sin ¢ d¢. We measure Wi (v1, V) in terms of one-dimensional distributions. Given distributions on
R with cumulative distribution functions F; and F», we write W, (Fj, F,) for the Wasserstein distance between the distributions
for cost function |x —y|. Let ¥ : [—&, &] — [, 7] be an increasing function that induces f>(6)d0 from f;(6)d0; then

Wi(vi,v2) < Wi (Fi,R) +/_le (G2(- 1 w(0)),Gi(-] 0)) f1(8)d0.

In particular, for £1(6) = 1/(2x) and g1(¢) = 1/2, we have a product measure V| (d0d¢) = (47) ! sin d¢d 6 giving normalized
surface area on the sphere. Then F;(0) = (0 4+ 7)/(27) and F>(y(0)) = (6 + ) /(2x), so w(2x(T — 1/2)) for T € [0,1] gives
the inverse function of F>. We deduce that

T

0+m

Wi(Fi, ) =/

-7

—Fg(G)‘dG (1.5)
and

W (ol 1 w(@).Gi(10) = [ [ (0’| w(0) ~ (1/2)) sno'a g 76

Hence the Wasserstein distance can be bounded in terms of the cumulative distribution functions by

W1(V1,V2) < W1(F2,F1) +W1(G2,G1) +/77;W1 (Gz(' | 9),G2)dF1(9)

T

-/,

where we have used the triangle inequality to obtain a more symmetrical expression involving the Wasserstein distances for the
marginal distributions and the G conditional distributions, namely the dependence of the colatitude distribution on longitude.

For each s € [0,10], let F% and G% be the marginal CDFs of 6, and ¢, respectively. For N € N, denote by FA?‘ and Gf; the
empirical CDFs of 6; and ¢;. We generate empirical CDFs FI\?‘ and Gf\’; with s = 0.3,0.6,0.9,...,6.0, and N = 10°. Figure 3
demonstrates that W, (F17FA?S) and Wl(Gl,Gf;), each decreases with increasing s. As a consequence of Theorem IV.3 and

roposition IV.4 for N = with probability at least 0.99 it holds that Wy (F", F'*) < 0.025 and W, ,G%) <0.018. Thus,
Proposition IV.4 for N = 10 with probability at least 0.99 it holds that W; (F, F%) < 0.025 and W} (G%,G%) < 0.018. Th
we observe that F% converges to F; and G% converges to G.

0+rm
21

—F2(9))d6+/0n

6:0) -2 Jao+ [* [|Gal910)-Galoari(e)as 1)



ng

AlP
=== Publish

ok

Hasimoto frames and the Gibbs measure of the periodic NLSE 25

JiEfarce
-
Jlzkance

LB &)

Wiascarahain
v
H
-
‘Wasssrziein
-

i3 . 1 &

L .
LIS ST TR R SRR A

el = -1

. LA T . . .
u 1 2 x a s 4 u 1 2 x
Tirvie Tirmi

FIG. 3. The plots involve the difference between the CDFs of two marginals. For 6y, the predicted CDF F;(0) = (6 + ) /(2x) is compared
with the empirical CDF, F]g“'. The Wasserstein distance between Fy (0) and F, 13‘ is displayed on the left. For ¢;, the predicted CDF G1(¢) = (1—
cos(¢))/2 is compared with the empirical CDF Gf;. The Wasserstein distance between G (¢) and sz,f is displayed on the right. The emprical
measures considered are created using N = 10° samples and evaluated at each of the datapoints indicated on the graphs (s = 0.3,0.6, ...,6.0).

b. Hypothesis tests for independence and goodness-of-fit. 'We run a total of 22 hypothesis tests to examine the evolution
of the joint distribution of the angles 6; and ¢. In order to account for multiple testing, we set the significance level of each test
to 0.00045, leading to an overall level of 0.01. First, we generate sample paths to obtain N = 10° realisations of (6y, ¢;) for each
value of s =0.3,0.6,0.9,...,6.0. For each s, we test the null hypothesis H , that the angles 6, and ¢; are statistically independent,
against the alternative hypothesis Hj s that they are dependent. To this end, we rely on a widely used nonparametric independence
test, which is based on the Hilbert-Schmidt Independence Criterion (HSIC) dependence measure>2#; the implementation is due
to Jitkrittum?’. It is observed that while the null hypothesis is rejected for s = 0.3,...,2.1, the test is unable to reject Hy ¢ from
s =2.4,...,6.0 at (an overall) significance level 0.01.

We run two Kolmogorov-Smirnov goodness-of-fit tests for s = 10 as follows. The first tests the null hypothesis Hg" that 6

is distributed according to F; against the alternative that it is not; the second tests the null hypothesis Hg" that ¢ is distributed
according to G against the alternative that it is not. At significance level 0.01, the tests are unable to reject the null hypotheses

Hoes and H(?S.
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