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Inferring the mixing properties of a stationary
ergodic process from a single sample-path

Azadeh Khaleghi*, Gabor Lugosi'

Abstract—We propose strongly consistent estimators of the
¢1 norm of the sequence of a-mixing (respectively [S-mixing)
coefficients of a stationary ergodic process. We further provide
strongly consistent estimators of individual a-mixing (respectively
[-mixing) coefficients for a subclass of stationary «-mixing
(respectively [3-mixing) processes with summable sequences of
mixing coefficients. The estimators are in turn used to develop
strongly consistent goodness-of-fit hypothesis tests. In particular,
we develop hypothesis tests to determine whether, under the
same summability assumption, the «-mixing (respectively (-
mixing) coefficients of a process are upper bounded by a given
rate function. Moreover, given a sample generated by a (not
necessarily mixing) stationary ergodic process, we provide a
consistent test to discern the null hypothesis that the /; norm of
the sequence o of a-mixing coefficients of the process is bounded
by a given threshold v € [0, c0) from the alternative hypothesis
that ||| > ~. An analogous goodness-of-fit test is proposed
for the ¢; norm of the sequence of 5-mixing coefficients of a
stationary ergodic process. Moreover, the procedure gives rise to
an asymptotically consistent test for independence.

Index Terms—stationary ergodic process, mixing coefficients,
long-range dependence, consistency, estimation, hypothesis test-
ing

I. INTRODUCTION

Ixing is a fundamental notion in the theory of stochas-

tic processes. Roughly speaking, a stochastic process
X = (X¢)1en indexed by “time” is mixing if events separated
by long time intervals are approximately independent. There
are various notions to quantify such asymptotic independence,
including a-mixing, S-mixing, ¢-mixing, p-mixing, t-mixing;
see Bradley [1]] for a general survey. These notions of mixing
are particularly useful in time-series analysis where non-
asymptotic concentration inequalities are available for em-
pirical averages of stationary processes, see, for example,
Ibragimov [2], Doukhan [3]], Rio [4], Bertail, Doukhan, and
Soulier [5]], Bradley [1]], Bosq [6]. In order to be able to
take advantage of these tools, in statistical studies one often
assumes that the process is not only mixing but that the mixing
coefficients are such that the desired concentration inequalities
hold. Despite the widespread use of such assumptions, little
attention has been paid to validating these conditions. For
instance, in the context of sequential decision making in
the presence of long-range dependencies, Griinewilder and
Khaleghi [[7] propose algorithms with finite-time guarantees
which require known upper-bounds on the ¢; norm of the
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p-mixing coefficients of the pay-off distributions. They also
show (see, [[7, Proposition 9]) that individual mixing coeffi-
cients naturally appear in theoretical bounds on the quality
of approximation of the optimal strategies by simpler and
more computationally tractable approaches. Indeed, consistent
estimators of mixing coefficients can serve as indispensable
tools in modern statistics.

In this paper, we study the problem of estimating « and -
mixing coefficients. More precisely, we address the following
problem:

Given a finite sample-path of a real-valued, stationary
ergodic process, how can one consistently estimate the
a-mixing and [3-mixing coefficients of the process?

Since the ¢; norm of the sequence of these coefficients plays
an important role in quantifying how much sample averages
differ from their expectations (see, e.g. [4, Corollary 1.1]),
we pay special attention to estimating the ¢; norm. Our
main results show that consistent estimation of these norms is
indeed possible, under the only assumption that the process is
stationary ergodic. (If the process is not mixing, the estimators
diverge to infinity.) We also show how these estimates can
be used to derive consistent hypothesis tests on the mixing
coefficients.

The main difficulty of the estimation problem stems from
the fact that all mixing coefficients are inherently asymptotic
quantities, yet one only has a finite sample available. This
makes estimation a nontrivial task, especially when no a-priori
properties are assumed apart from stationarity and ergodicity
of the process. Our focus in this paper is on « and S-mixing
coefficients, as these are arguably the most widely used notions
of mixing with numerous statistical applications. One may,
of course, ask the analogous questions on other measures of
mixing. A particularly interesting notion is ¢ (or uniform)
mixing (see, e.g. Bradley [1] for a definition) since under such
conditions one has Hoeffding-type exponential inequalities in
terms of the /1 norm of the sequence of ¢-mixing coefficients,
see Rio [4, Corollary 2.1] and Samson [8]]. However, it is
unclear if the /1 norm of the sequence of ¢-mixing coefficients
can be consistently estimated. In this case, a key challenge lies
in conditioning on potentially rare events whose probabilities
may be arbitrarily small. We leave this interesting challenge
for future research.

A. « and 3 mixing

We start by defining the notions of mixing relevant to this
paper. Let (€2, §, 1) be a probability space, and suppose that
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#l and *U are two o-subalgebras of § respectively. A classical
measure of dependence between il and U, introduced by
Rosenblatt [9], is given by

al, V)= sup |pUNV)—pl)uV)|

Uesl,vey
which gives rise to the sequence of dependence coefficients
a = {(a(m))men (called the a-mixing coefficients) of a
stochastic process X = (X;)+en, where a(m) is defined as,

supa(c({X;: 1<t <j}),0({X;:t>7+m})).

JEN
The (-dependence G(U, V) between L and U was originally
introduced by Volkonskii and Rozanov [10], [11]] as follows
(see also Rio [4]). Let ¢(w) — (w,w) be the injection map
from (2,F) to (2 x Q,4® V), where 4 ® U is the product
sigma algebra generated by L[ x 2. Let ug be the probability
measure defined on (2x 2, QW) obtained as the pushforward
measure of y under ¢. Let pugy and usgy denote the restriction
of 1 to Y and U respectively. Then

BELY) == sup  |ug(W) — pu X pg (W),

Weo ($xD)
where g X py is the product measure on (2 x Q, 4 @ )
obtained from pug and po3. This measure of dependence leads
to the sequence 3 := (8(m))men of B-mixing coefficients of
a process X, where 3(m) is given by

sggﬂ(o({)ﬁ Pl <t <)), o({Xe it > 5 +m})).
J

A stochastic process is said to be «-mixing or strongly
mixing, if it exhibits an asymptotic independence of the form
lim,;, 00 a(m) = 0. It is said to be S-mixing or absolutely
regular if lim,, o, B8(m) = 0. It is straightforward to check
that S(4,B) > a(i,Y) so that absolute regularity implies
strong mixing. Moreover, summability of ¢ (respectively (3)
is clearly a sufficient but not necessary condition for a process
to be a-mixing (respectively S-mixing).

B. The estimation problem

Regardless of whether or not a process is mixing, its mixing
coefficients provide a measure of its dependence structure.
Moreover, as mentioned above, individual a-mixing (respec-
tively [-mixing) coefficients and/or their ¢;-norm ||| =
Y men @(m) (respectively ||3]| = 3, . B(m)) commonly
appear in concentration inequalities for dependent processes.
Thus, in order to use these bounds in a statistical problem
where the samples may be dependent, knowledge of the
sequences «, 3 or at least of their /; norms is required.

For certain subclasses of dependent processes, bounds on
the mixing coefficients are known. For example, conditions
for the geometric ergodicity of Markov chains have been well
studied, see Meyn and Tweedie [12] and references therein.
More recently, some upper bounds on the mixing rates of non-
stationary ARCH processes were proposed by Fryzlewicz and
Rao [13]]. However, for larger classes of stationary processes,
the mixing coefficients are typically unknown, and surprisingly
little research has been devoted to the problem of estimating
mixing coefficients. One exception is the work of McDonald,
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Shalizi, and Schervish [[14], [[15]] who provide estimators for -
mixing coefficients and show consistency of their estimators.
Unfortunately, due to a lack of precision in the presentation,
we were unable to verify some of the main claims of these
papers. Our work does not build upon these results and we
consider a more general setting where, apart from ergodicity,
no assumptions are required on the process distributions (as
opposed to some implicit assumptions on the existence and
smoothness of finite-dimensional densities made in [14], [[15])).

Towards an adaptive approach, given a sample generated by
a stationary ergodic process, our objective in this paper is to
estimate its dependence structure as reflected by its a-mixing
and -mixing coefficients. To this end, in Section we
first focus on a subclass of stationary ergodic processes which
are a-mixing with the additional property that their sequences
of a-mixing coefficients are summable. For this class, without
knowledge of any upper-bounds on ||| and merely using
the fact that ||| < oo, we provide asymptotically consistent
estimators of the individual a-mixing coefficients as well as
for ||a||. The consistency results for these estimators are
established via Theorem [1| and Theorem [2| respectively. We
rely on Rio’s covariance inequality [4, Corollary 1.1] to control
the variance of partial sums. Next, we propose an alternative
approach for consistently estimating ||c|| of a (not necessarily
mixing) stationary ergodic process where we no longer require
« to be summable. In this case, if the process happens to
be a-mixing with ||a]| < oo, then the proposed estimator
converges to ||c||, otherwise it diverges to infinity. The weak
and strong consistency properties of these estimators follow
from Theorems [3] and ] The results in this section rely on
Lemma [I] and Proposition [I] which together show that the
approximation given by (@) converges to a(m).

In Section [[II-B| we provide analogous results for the
sequence of [-mixing coefficients of a stationary ergodic
process. Most of the arguments are similar to those given in
Section [IlII-A} and in particular since a(m) < 3(m), the same
covariance inequality is sufficient to control the variance of
partial sums in the estimation. However, a key challenge in
this case is that unlike (4L, 90), the S-dependence between 4
and U is defined for the product space (2 x Q,4U®Y, ug). In
order to propose an approximation that can be estimated from
a single sample-path, we rely on the identity,

5(,0) = sup 5 2 0T N V) — plU)n(Vy)
i€N jEN

where the supremum is taken over all pairs of countable
partitions {Uy,Us, Us, ...} and {Vq,V2,V5,...} of © such
that U; € 4 and V; € U for each i, j € N; see Bradley
[1, Vol. 1, P. 67, Note 2]. This, together with [1, Vol. 1
Proposition 3.21] gives rise to Lemma [3] which in turn leads
to Proposition ] Analogues of Lemma [T] and Proposition [I]
these results show that the approximation (T3] that is based
on the cylinder sets converges to S(m).

C. Hypothesis testing

In Section [[V] we show how our estimators can be used to
construct goodness-of-fit tests. First, given a sample generated
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by a stationary «a-mixing (respectively [(-mixing) process
i, we use our estimator of «(m) (respectively S(m)) to
test the null hypothesis that the a-mixing (respectively (-
mixing) coefficients of p are bounded by a given rate function
v : N +— [0,1] against the alternative hypothesis H; that
there exists some m € N such that a(m) > ~y(m) (respec-
tively 5(m) > ~(m)). The consistency of these tests follow
from Theorems [7] and [8] provided that the sequence of a-
mixing (respectively (-mixing) coefficients of the process is
summable. Interestingly, Nobel [[16] used hypothesis testing to
estimate polynomial decay rates for covariance-based mixing
conditions. By contrast, we do not require the rate functions
to be polynomial or to belong to any specific function class.
Moreover, given a sample generated by a (not necessarily
mixing) stationary ergodic process p, we construct tests to
discern the null hypothesis Hy that ||| (respectively ||3])
is bounded by a given threshold v € [0,00) from the
alternative hypothesis H; that it exceeds . The consistency
of these procedures follow from Theorem [9] (for a-mixing
coefficients) and Theorem [E] (for S-mixing coefficients). As
a direct consequence, we obtain strongly consistent tests for
independence, obtaining an alternative proof of the main result
of Morvai and Weiss [17]; this is stated as Corollary E}

II. PRELIMINARIES

In this section we fix our notation and introduce some
basic definitions. Let 2" = [0,1] and denote by By its
Borel o-algebra. Denote by B(*) the product o-algebra on
2k ke N. Let 2N be the set of all .2 -valued infinite
sequences indexed by N. A (discrete-time) stochastic process
is a probability measure y on the space (2N,F) where
T denotes the Borel c-algebra on 2N generated by the
cylinder sets. Associated with the process is a sequence of
random variables X := (X;);ey with process distribution
u where X; : 2N — 2 are coordinate projections such
that X;(a) = a; for a = {(as)teny € 2. We use the
term (stochastic) process to refer to either the measure p
or to its corresponding sequence of random variables X; the
distinction should be clear from the context. A process is X
is stationary if for all 4,k € N and all B € B®) we have
Pr((Xl, ce ,Xk) S B) = Pr((X1+i, ey XkJrrL) S B) Let
S 2N 5 2N denote the (left) shift transformation on 2N
which maps a := (ai,as,...) € 2V to Sa = (az,as,...).
It is continuous relative to the product topology on 2™~ and
defines a set transformation S~—! given by S7'A4 = {a €
2N Sa € A}, A C ZN. Thus, it is straightforward to
check that S~! is Borel measurable and that stationarity of
X translates to the condition that y(S~1B) = u(B) for all
B € §. A stationary process is ergodic if every shift-invariant
measurable set has measure 0 or 1 so that if S™'B = B for
some B € § then pu(B) € {0,1}. Recalling the definition of
a strongly mixing process given in the introduction, note the
well-known fact that a stationary mixing process is ergodic,
see, for example, Bradley [1]].

The following notation will be used throughout the paper.
Let Ay, be the set of dyadic cubes in ZF ke N of side-
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length 27¢. That is,

A [ it in ip+1
we={l ) o 5t

where i; € {0,...,2" — 1}, je{l,...,k}} (1)

For each k,¢ € N we denote by Dy, ¢ := P(Ag,¢) the power-
set of Ay . For a given B € B*) &k € N, we denote the
event {X;,...,X;4x—1 € B}, i € N by [B]f“k. For m,{ €
N, n > m € N and each j € {1,...,n — m} define the o
algebra generated by the sets [A]] for A € D, by

810 =0 ({14 : A€ Dyf) @

and similarly let

Trm () = U({[B]?+m+1 :B €Dj g, 3)

Remark 1 (Choice of Z7). In order to keep the notation
simple and avoid uninteresting technicalities, we have chosen
to take 2~ = [0,1]. However, extensions to more general
spaces including to R and R? are straightforward. For instance,
an extension to 2~ = R can be readily achieved by modifying
the discretization in (T) such that instead of [0, 1]*, sets of the
form [—2¢,2°]* are partitioned into cubes of side-length 2.

III. ESTIMATION

Consider a stationary ergodic process p with corresponding
sequence of random variables X = (X;);en and sequences
of a-mixing and [-mixing coefficients & := (a(m))men and
B = (B(m))men respectively. In this section we introduce
estimators of ||| and a(m), as well as of ||3]| and B(m),
and establish their consistency; these are the main results of
the paper.

We consider the somewhat simpler case of o-mixing co-
efficients in Section The corresponding estimators for
B-mixing coefficients are given Section For the most
part, the estimators — and proofs — concerning the [-mixing
coefficients are analogous to their a-mixing counterparts.
However, as discussed in Sections [[=A] and there is a
subtle distinction between the measurable spaces on which the
two mixing coefficients are defined. This calls for a slightly
different treatment in the case of 3-mixing coefficients, giving
rise to a number of technical challenges which we address as
part of our analysis in Section [[[I-B

A. Approximating and estimating the o-mixing quantities

Since the mixing coefficients a(m) of X are inherently
asymptotic, we first approximate them by quantities that only
depend on finite-dimensional projections of the process and
can therefore be estimated from finite sample-paths. Subsec-
tion [III-AT] below is dedicated to this task. Equipped with
the approximation results, we present our estimators for the
o-mixing parameters in Subsection The proofs and
technical results are differed to Section
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1) Approximating a(m) and || c||: For each m,f € N, n >

meNand j € {1,...,n —m}, define of, ;(m) as

o (LA OB i) = 1 (1K) 1 (B )|

sup
AE'DJ\[
BG'Dj/‘[

“4)

where ;' :=n—m—j+1.1In Lemmalbelow we show that to
approx1mate the a-dependence between §7 (¢) and §7,,, (), it
suffices to use oth j( m) where the supremum is taken over the

smaller classes of sets D; o and Djs o, with j' :==n —m — j.

Lemma 1. Form,/ e N, n >m € Nandj € {1,...,
we have

n—m}

afl,j (m) - a(gjl (f)’ ;’L+m (6))

For m{ € N, n > m € N let af(m) =
Max;e(1,... .n—m} af“j(m). The next proposition shows that
ot (m) approximates a(m) for sufficiently large values of ¢

and n.

Proposition 1. For every m € N we have

lim of (m) = a(m).
n,0— o0
2) Estimating a(m) and ||a||: We are now in a position to
introduce the natural empirical estimates of the approximate
mixing coefficients o, (m). For t € N let (X, ) : BHF) —
[0,1], k € N denote the empirical measure

t—1
1
m(X, B) =< ZOXB{XM, o Xaee), )

where x is the indicator function. An empirical estimate of
af(m), m,£ € N,n>m € N can be obtained as & ,,(X,m)

n

given by

X, A, B X, A\ (X, B ‘
et e el ( ) — (X, A)pe(X, B)
BEDJ/,K
(6)
where j' = n —m — j, p(X,-) is given by (3) and

vi (X, A, B) is specified as

=
;ZXA(XMH»---’
i=0

Xit1)n)

)

with ¢t > n. First, observe that when m,n, ¢ € N are fixed, we
only have finitely many cylinder sets to consider in (6], hence
the ergodic theorem leads to the following result.

Xint3)XB(Xintjtms-- s

Proposition 2. Let X be a (not necessarily mixing) stationary
ergodic process with process distribution p and sequence of
a-mixing coefficients & = (a(m))men. For every m, ¢, n € N
it holds that

lim at,(X,m) = of (m), p— almost surely.

t—o0 ’

However, this in itself is clearly not sufficient to lead to a

consistent estimate of «(m). To achieve a consistent estimate
of the c-mixing coefficient we proceed as follows.
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a) Estimation under finite ||a||: Let us start by consid-
ering the case where the sequence of o mixing coefficients
is summable, ie. ||| < oo. Let (¢),{(ns) for t € N
be non-decreasing unbounded sequences of positive integers.
Let the sequence of positive numbers (0;);en be such that
>oio10; < oo. For each m,¢,n € N define the constant
Cm,l,n by

Con = m (227 H27 L), ®)

Let (€;)ten be another sequence of positive numbers such that
lim;_, €; = 0. For a fixed m € N and each t € N define

Cm le,n
= 2t Tt 9
Tt me?(St ( )
We propose an estimator for a(m) as
at (X7 m) (X7 m)

. aet
= Xryny

(10)
Theorem 1 (& is strongly consistent). For each m € N and
any stationary a-mixing process X with process distribution p
and sequence of a-mixing coefficients a such that ||a|| < oo

we have

tlim ar(X,m) = a(m), p — almost surely.
—00

The proof of Theorem || relies on the observation that
when the ¢; norm of the sequence of a-mixing coefficients
is finite, we have the following nonasymptotic inequality for
the empirical version of the approximation of the mixing
coefficients.

Proposition 3. Let X be a stationary ergodic process with
process distribution p and sequence of a-mixing coefficients
a = (a(m))men- For every m,¢,n,t € N and every € > 0
we have

el Crnen

Pr(ja, (X, m) = aly(m)| = ) < 1521

Furthermore, for each M € N it holds that,

(Zam m) — o, (m)) Ze) <

A key ingredient of the proof of Proposition |3} is Lemma
below, which builds upon Rio’s variance bound [4, Corollary
1.1] to provide a simple concentration inequality on the empir-
ical measure of a cylinder set [D]} forany D € Dy, ¢, k,¢ € N.

lle]| Car e
te?

Lemma 2. For all D € Dy, k,¢,t € N and for every € > 0,
we have

Al

Pr (| (X, D) 2

— (D) =€) <

Next, we introduce an estimator for ||| and prove its
consistency under the assumption that the process is stationary
o-mixing, with a summable sequence . For ¢ € N recall the
parameters (¢}, (n¢), (0;), {€;) defined earlier, and let (M;);en
be an increasing sequence of positive integers. For each ¢t € N
define,

C t Zt,’ﬂt
Ky = 7’”2’& (11)
Z ay . (X,m). (12)
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Theorem 2 (6, is strongly consistent). For any stationary -
mixing process X with process distribution p and sequence
of a-mixing coefficients « such that ||a| < oo, it holds that

tlim 0:(X) = ||l]|, p — almost surely.
—00

b) Estimation under arbitrary ||c|: In this section we
address the case when one does not have the guarantee that the
£1 norm of the sequence of a-mixing coefficients is finite. This
setting is significantly more complex, since the conclusion
of Proposition |3| is potentially vacuous, irrespective of the
sample size. To circumvent this difficulty, we construct a non-
decreasing sequence of estimates of ||c||— starting with the
trivial lower bound 0 — by performing a sequence of tests. The
value of the estimate is only increased if there is sufficient
evidence that the value of ||| is indeed larger than the
current estimate. This is possible since if ||| happens to be
small, then its empirical estimator must be small thanks to
Proposition [3]

With the objective to make the presentation more trans-
parent, we start with a simpler estimator that is ‘“weakly
consistent” in the sense that if one prescribes a tolerated
probability of error §, then one may construct a corresponding
estimator that converges to ||| with probability at least 1 — 4.
Then we introduce a more complex estimator that is almost
surely consistent.

In order to introduce the “weak” estimator, let 6 € (0,1) be
the allowed probability of error, and let J; be positive numbers
such that }_,°, 8, = 4. Fix a countable dense subset . of
[0,00) and let .7 = {s1, s2,...} be an arbitrary enumeration
of .. Given a process X, set 1)o(X) := 0, and for each t € N
define

max{s, Pr—1(X)}
—1(X)

if  0:(X) > s¢ + €1/5¢
otherwise,

V(X)) = {
(13)

with €; being a decreasing positive sequence converging to
zero and 6; specified by (12). Clearly, (¢+(X));en form a
non-decreasing sequence that is either convergent or diverges
to infinity.

Theorem 3 (v, is weakly consistent). Let X be a (not
necessarily mixing) stationary ergodic process with process
distribution p and sequence of a-mixing coefficients . With
probability at least 1 — 4,

Jim ,(X) = ]

We are ready to present the main result of the paper:
an estimator for ||« which, as shown below, is strongly
consistent regardless of whether this norm is finite or infinite.
To this end, we build upon the construction of 1;(X), which
gives rise to our third estimator of ||c||. Recall that .7 is
a countable dense subset of [0,00). Define a sequence (u;)
such that u; € ¢ for all ¢ and for every s € ., the set
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{t € N: u; = s} is infinite. The sequence (u;) “visits” each
element of .7 infinitely often. One such example is:

up = 81,
Uz = 81, U3z = S2,

Uy = 81,U5 = S2,Ug = 53,

The estimator & given by (I4) below keeps track of a “bit
value” by(s) € {0,1} assigned to each s € .. At each time
instance, b;(s) marks the outcome of the test the last time
the value s was tested. With by(s) = 1 for all s € S, and
&(X) := 0, for each t € N let

975 (X) S s + Et\/g
if Ut = 8§ and Gt(X) > s+ Et\/g
otherwise

1 if u; = s and
bt(S) = 0
btfl(s)

and define

&(X) =inf{s €. : b(s) =1}, (14)

where the infimum is defined to be zero if the set is empty.

Theorem 4 (& is strongly consistent). Let X be a (not
necessarily mixing) stationary ergodic process with process
distribution ¢ and sequence of a-mixing coefficients oc. We
have,

tlim &(X) = ||le||, p — almost surely.
— 00

B. Approximating and estimating the [3-mixing quantities

In this section, we derive estimators concerning the (-
mixing coefficients of a stationary ergodic process. For the
most part, the results are analogous to those given in Sec-
tion An overview of the similarities and differences
between the two settings is provided in the Introduction.

We start by defining an approximation of the 5-mixing coef-
ficients of X. Recall the notation Dy, ¢, k,¢ € N introduced in
the beginning of Section [III| which corresponds to the power-
set P(Ag,¢) of the set of dyadic cubes in 2% of side-length
27t Form,/ €N, n>m¢&Nand j€{l,...,n—m}, let

ﬁ,j (m) be defined as

% Z Z ’M([A]{H[B]?erﬂ)

o — (1A 1 (1B e ) |

where 7' :=n — m — j + 1. The intuition behind this choice
follows from the discussion provided in Section[[-B] Recall the
o-subalgebras of §, denoted §(¢) and §7,,,(¢), with m, ¢ €
N, n>meéeNand j € {1,...,n—m}, as given by () and
respectively. In a manner analogous to the estimation of
the a-mixing coefficients, we show via Lemma E] below that
to approximate the S-dependence between between §4 (¢) and

7 (0), it suffices to use 35 ;(m) given by (I3). Note that
the m — A\ argument used in the proof of Lemma [l| does not
carry over to this case where summations are involved in

in place of the suprema in (@).

15)
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Lemma 3. Form,/ e N, n>m €Nandj € {1,...,n—m}
we have

g (M) = BEL0, § 1 (0))-

For m,{ € N, n > m € N, let g5(m) =

max M ;(m) define an approximation of 3(m).
Jje{l,....n—m}

Proposition 4. For every m € N we have

lim B (m) = B(m).

n,{— o0

An empirical estimate of 35(m), m,f € Nyn > m € N,
denoted 3 ,,(X,m), can be obtained as

1
LI D DD

A€D;  BED;/ ,

i (X, 4, B) (16)

— (X, (X, B)|

where j :=n —m — j, u(X,-) and vmj(X, -,+) are given
by (B) and (7)) respectively. As with Lemma [2} since for fixed
m,n,{ € N we only have finitely many cylinder sets to
consider in (I6)), a simple application of the ergodic theorem
gives the following lemma.

Lemma 4. Let X be a (not necessarily mixing) stationary
ergodic process with process distribution p and sequence of
B-mixing coefficients 3 = (8(m))men. For every m, ¢, n € N
it holds that

lim Bfn(X, m) = B4 (m), p— almost surely.
t—oo 7

For each m, ¢, k € N let the constant 6m’e,k be given by

222ki,+1 Jome+1 +2)

Con.o = m( A7)

An argument analogous to that given for Proposition [3] leads
to the following result.

Proposition 5. Let X be a stationary ergodic process with
process distribution ; and sequence of [-mixing coefficients

B = (B(m))men. For every m,¢,n,t € N and every ¢ > 0
we have
I H/@” 5m,l,n
PY(|ﬁf,n(X7m) - ﬁﬁ(m)l > 6) < Tt

with C,,, ¢, given by (T7). Moreover, for each M € N,
5 n
. ( . ) < 1B Crren

te?

As in the previous section, let (¢;),(n;) for ¢ € N be
non-decreasing unbounded sequences of positive integers. Let
the sequence of positive real numbers (d;):cn be such that
>oo2 1 8 < 00. Let (€;)1en be another sequence of positive real
numbers such that lim; ,, ¢; = 0. Furthermore let (M;):en
be an increasing sequence of positive integers. For each ¢t € N
let

M ~
S BL (X, m) — BL(m))
m=1

~ Cm/tﬂlt

e ~ CMhetynt
Tt = 5 — Tttt
mey (St

N d = 18
me an Rt 26 (18)
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6
with the constant CN'm, ¢.n given by (I7). Define
Bi(X,m) = B2 (X,m),
0,(X) = > BY . (X,m). (19)
m=1

Using Proposition [ Proposition [5] and based on the choice
of parameters specified by (I8), arguments analogous to those
given for Theorem[I]and Theorem[2] yield the following result.

Theorem 5 (Bt and @ are strongly consistent). For each
m € N and any stationary /-mixing process X with process
distribution g and sequence of [-mixing coefficients 3 such
that ||3]] < oo we have

Jim By (X, m) = B(m)

and B
tlim 0:(X) = 18I, p — almost surely.
—00

Next, we introduce two estimators for |||, which are
analogous to those given by (13) and (I4) for the estimation
of ||a||. As in the previous section, let . := {s1, s2,...} be
a countable dense subset of [0,00). Given a process X, set
1o(X) := 0, and for each ¢ € N define

D (X) = rilaX{StJth(X)} it 0,(X) > i+ €1\/5
' Vr1(X) otherwise,

with 6, specified by (T8). Define a sequence (u:) such that
uy € & for all ¢ and for every s € .7, the set {t € N :
us = s} is infinite. The sequence (u;) “visits” each element
of . infinitely often. As in the case of & given by (14),
the estimator &; given by below keeps track of the the
outcome of the test when the value s € . was last tested. Set
bo(s) =1 for all s € S, and &H(X) := 0; for each ¢t € N, let

0,(X) < s+ ery/s
Qt(X) > s+ ft\/g

B 1 if u; = s and
bi(s) = 0
btfl(S)

if u; = s and
otherwise.

and define

gt(X):inf{sey:Et(s):l} (20)
where the inf is defined to be zero if the set is empty. Thanks
to Theorem [5] Proposition [5} Proposition i} and Lemma[4} and
based on arguments analogous to those given for Theorem [3]
and Theorem |4} it can be shown that 1), and &; are consistent,
regardless of the summability of 3. More specifically, we have
the following results.

Theorem 6 ({bvt and Et are weakly and strongly consistent
respectively). Let X be a (not necessarily mixing) stationary
ergodic process with process distribution p and sequence of
B-mixing coefficients 3. With p-probability at least 1 — J, we
have _

Jim (X) = 8]
Moreover, it holds that

tlim &(X) =|la||, p— almost surely.
—00
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IV. GOODNESS-OF-FIT TESTING

In this section we use our estimators to construct consistent
hypothesis tests for mixing rates as well as for upper bounds
on [la|| and |[3].

A. Test for mixing rates

Consider a stationary ergodic process X with process distri-
bution x and sequences of a-mixing and S-mixing coefficients
a = {(a(m))meny and B = (B(M))men respectively. A
mapping v : N — [0,1] is called an a-mixing rate function
for p if for each m € N we have a(m) < v(m). Similarly, it
is said to be a S-mixing rate function for y if for each fixed
m € N it holds that 8(m) < v(m). We wish to test the null
hypothesis Hj that « is an a-mixing (respectively S-mixing)
rate function for p against the alternative hypothesis H; that
there exists some m € N such that a(m) > ~v(m) (respectively
B(m) > ~(m)) . More formally, let €% be the class of
stationary «-mixing processes whose sequence of ca-mixing
coefficients & = (a(m))men is summable, that is, such that
|| < oo. Similarly, let €° be the class of stationary j3-
mixing processes whose sequence of -mixing coefficients is
such that || 3]| < oc. For a rate function v, let 5 (respectively
ﬁ’f ) be the class of all processes which have ~y as an a-mixing
(respectively $-mixing) rate function. We construct a sequence
(g¢)ten of functions g; : 2N — {+1,-1}, t € N each
measurable with respect to the filtration §; such that given a
sample X generated by p € €%, with probability 1, produce

+1 it p e N %

. (2D
-1 ifpeer\%3.

t—o0

lim g:(X) = {

We call such a sequence of function satisfying (21)) a strongly
consistent goodness-of-fit test for rate function 7y on €. Anal-
ogously, we construct a sequence (g;)ien Of §;-measurable
functions g; : 2N — {+1,—1}, t € N such that with
probability 1,

+1 if pe €PNzl
-1 if pes?\%8.

To construct our tests, let us recall some relevant notation
from the previous sections. For t € N let (M), (¢4), (n:) be
increasing sequences of positive integers. Take ¢ € (0,1) and
let the sequence of positive real numbers (d;):cn be such that
Zfi 10: = 0. Let (e:)en be another sequence of positive
numbers such that lim; ,,,¢; = 0. For each m € N and
t € N recall the estimators &;(X,m) := a% , (X,m) and
Bt(X,m) = B\ﬁfm (X, m) respectively specified by and

(19), with 7 given by (@) and 7 by (I8). For a given process
X and every t € N define

9(X) == {+1

lim g+(X) = { (22)

t—o00

if a:(X,m) <~(m)+e, me{l,..., M}
—1 otherwise

(23)
and
if B(X,m) <~(m)+e, me{l,..., M)}
otherwise

24)
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Theorem 7. The sequence of functions g;, ¢ € N given by
(23) give rise to a goodness-of-fit test on “ that is strongly
consistent in the sense of (21).

It is straightforward to check that a similar argument based
on Proposition [] and Proposition [5] leads to the following
analogous result concerning S-mixing rate functions.

Theorem 8. The sequence of functions g;, ¢t € N defined by
(24) gives rise to a goodness-of-fit test on €° that is strongly
consistent in the sense of (22).

B. Test for an upper bounds on ||| and ||3||

We propose an asymptotically consistent test for an upper-
bound on ||«|| (respectively ||3]|) of a stationary ergodic
process that is not necessarily mixing. Denote by & the set
of all 2 -valued stationary ergodic processes. As in Sec-
tion let €' (respectively 6’) be the class of stationary
a-mixing (respectively S-mixing) processes whose sequence
of a-mixing (respectively S-mixing coefficients) is summable.
Observe that €% C € C &. Given a sample X generated by
w € &, we wish to test the null hypothesis Hy that ||| <
(respectively ||B]| < ) for some fixed threshold v € [0, c0)
against the alternative hypothesis that ||« > v (respectively
18] < 7). Let ((¢)ren be a decreasing sequence of positive
real numbers such that lim;_, o, ¢; = 0. For a sample X, define
the sequences (fi)ien and (f)ien of §;-measurable functions

£iX) 1= {ﬂ e ot g
—1 otherwise
and N
(%) {+1 if (X) <7+ 06
—1 otherwise,

where &(X) is given by (T4) and &(X) is given by (20).
For each v € [0,00) denote by €7 the subclass of € cor-
responding to stationary a-mixing processes whose sequences
of a-mixing coefficients sum to at most . A simple argument
which relies on Theorem [4| yields the following result.

Theorem 9. For each v € [0,00), and given a sample X
generated by a (not necessarily mixing) stationary ergodic
process u € &, with probability 1 the test (f;)ten given by
has the property that

lim fy(X) =

t—o0

+1 ifpeey
-1 ifped&\ey.

Similarly, an argument based on Theorem [0] leads to the
following analogous result.

Theorem 10. For each v € [0,00), and given a sample X
generated by a (not necessarily mixing) stationary ergodic
process p € &, with probability 1 the test {f;) given by
has the property that

+1 ifpeep

lim f,(X) =
tgroloft( ) {—1 ifueg\%”f.
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C. Test for independence

Using Theorem [0} we can readily obtain a consistent test for
independence on &. Consider a process X with distribution .
Recall that .# denotes the set of all 2 -valued i.i.d. processes,
and observe that if u € .# then clearly ||| = 0. Thus, if
w € & we can use (23) with v = 0 to test the null hypothesis
Hy that p € 7 against the alternative hypothesis H;p that
w € &\ 7 so that the process is stationary ergodic but it is
not i.i.d.. More specifically, let (¢;) be a decreasing sequence
of positive real numbers as before, such that lim;_,, (; = 0.
For a given process X and each ¢t € N define

fAX%{+1 i @,(X) < ¢

) 27
—1 otherwise

Observing that ||| = 0 for all i.i.d. processes y € .#, the
consistency of trivially follows from Theorem [9] leading
to the following corollary.

Corollary 1 (Morvai and Weiss [[17]). There exists a strongly
consistent test for independence on &. That is, for a stationary
ergodic process X with process distribution y € & with
probability one it holds that

+1
-1

This recovers, albeit via a different approach, the main result
of Morvai and Weiss [17].

ifue&ns

lim f,(X) = ifpueé\.s.

t—o0

V. OUTLOOK

We studied the problem of estimating the mixing coef-
ficients of a real-valued, stationary ergodic process from a
finite sample-path. As an initial step, we proposed strongly
consistent estimators of individual a-mixing coefficients for
a subclasses of stationary processes whose sequences of a-
mixing coefficients are summable. We also provided strongly
consistent estimators of the #; norm of the sequence c-mixing
coefficients for this class of processes, and extended the results
to the case where the stationary process is not necessarily a-
mixing. Our main inspiration for estimating ||| has been
that the ¢; norms of the sequences of mixing coefficients
naturally appear in concentration of measure inequalities for
dependent processes. We further proposed analogous results
concerning [-mixing coefficients. Finally, building upon our
estimators we developed strongly consistent hypothesis tests
for mixing rates as well as for upper bounds on || and
||3]]. This, in turn, gave rise to a strongly consistent test for
independence, recovering the main result of Morvai and Weiss
[17] as a corollary. A particularly interesting open problem
is to estimate the ¢; norm of the sequence of ¢-mixing
coefficients. Indeed, as mentioned in the Introduction, when a
process is ¢-mixing, one can obtain exponential concentration
inequalities in terms of ||¢||. However, the main difficulty
in estimating the ¢-mixing coefficients is to consistently
estimate the conditional probabilities, as some events may be
of arbitrarily small measure. We conjecture that this challenge
may be overcome by generalizing the plug-in estimators of
Griinewilder [18] which are designed for the i.i.d. setting.
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VI. PROOFS

In this section we provide proofs of our technical results.

Proof of Lemmal[l] Fix m,f € N, n > m € Nand j €
{1,...,n—m}. Itis clear that an]( m) < a(F (0), 2 ()
Therefore, it suffices to show that a(F) (), Tem(0) <
aflj( m). We show this using Dynkin’s 7 — A theorem as
follows. Define A (¢) := {[A]? : A € D, ,} and

A;L-i-m( ) = {[B]_?-l-m-l-l : B € Djry,

It trivially holds that A7 (¢) forms a m-system, since it is non-
empty and closed under finite intersections. On the other hand,
by definition we have

WU NV)

jii=n—-—m-—j}.

sup —p(O)u(V)| = ag ;(m).  (28)

UeAi ()
VEAD +m(E)
Let £ be the largest algebra of subsets of § such that

sup  |u(UNV) = p(U)u(V)| < o, ;(m).

veL

VeAT, (0)

It is straightforward to verify that £ forms a A-system. To
see this, first note that since o, j(m) > 0, it clearly holds
that 2N € L. Next, take U; C Us € L. Since £ is an
algebra, it is closed under complementation as well as under
pairwise unions and intersections. Therefore, (Us \ U;) € L.
Finally, consider a countable sequence of increasing subsets
U C Uy € L, i € N and define U U2, Us.
It follows from the continuity of probability measure that
U € L. To see this, for V. e A% () define U; :=
U;NV, i€ N, andletU := (J;2, U;. Observe that U; C U4,
so that lim, . u(U,) = w(U). Similarly, it holds that
limy, 00 (Uyn) = p(U). Fix € > 0 there exist N, N/ such

that for all n > max{N,, N} we have |u(U,) — p(U)| < e
and |u(U,,) — u(U)| < e. Therefore,
mvmvw—(vmaﬂ
= |u U) Uu(V)|
< |uw(@) = w(Un) (V)] + 26
< fL i(m) + 26

Since the choice of epsilon is arbitrary, it follows that U €
L. Therefore £ is a A-system. Moreover, by (28) we have
A’ (¢) C L. Thus, as follows from Dynkin’s m — A theorem,

we can deduce that o(A7(£)) C £ so that
sup  [p(UNV) = uw(U)p(V)] < ay, ;(m).

Ueo(A}(£))

VeA?,, ()

(29)

On the other hand, let £’ be the largest algebra of subsets of
¥ such that

sup  |u(UNV) -~

U€a(A](0)
vecl
In much the same way as with L, it is straightforward to check
that £’ is a A-system. Moreover, by (29) and an argument
analogous to that concerning A} (¢), we can conclude that
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7 m(f) € L'. Hence, by another application of the 7 — A
theorem, we obtain o (A7, ,,(£)) C L. This gives
sup p(U)p(V)| < af, ;(m).
Uea(A{(0)
Vea(Al,, (0)

WU NV) -

Noting that o(A{(£)) = §(¢) and o (A}, () = F}yn(0),
we obtain (] (£), §7,,,(€)) < o, ;(m). O

Proof of Proposition[l] Fix m,f € N and n > m. Ob-
serve that for each j € {1,...,n —m} we have F () c
F(+1), £ €N and ﬁm( ) C Ffnl+1), nt e
N are each a sequence of c-algebras with \/,° §F|(¢) =
o(X1,...,X;) and \/né Tl = o({Xy 1t > j+
m + 1}). Therefore, by Bradley [, Vol. 1, Proposition 3.18]
limy, ¢ 00 a(F1(€), §%4,,(£)) is given by
alc({ Xy te{l,...,5}),0({Xs: t > j+m+1})).
(30)

It is straightforward to check that for each m € N we have

fl,j(m)'
3D

i — g ; , ¢
To see this first let ¢ := Sup,cn SUP;,> j 44 SUP; A, ;(m) and
fix some € > 0; by the definition of sup there exist £*,7* € N
and n* > j*+m such that o/ . j+(m) > c—e. We have c—¢ <
. jo(m) < sup, ,MaXje(1,.. p_m} @ ;(m). Similarly, let

¢ = Sup, ,MAXje(1, . n—m} afw (m), and note that there

l

sup ni

n,t JE{1,..

max (0%

(m)=sup sup supa
n—m}

JENn>j+m+1 ¢

exist some n', ¢’ € N such that max;ci mafl ](m) >
¢ — e It follows that ¢ — € < maxje1,. n/'—m ozfl J(m) <

SUD,j e SUD,, > j 4 SUPg O, (). Since the choice of e is
arbitrary, (31)) follows. We obtain

nll”linoo CYZ (m) - n,ll}gloo je{lr,??r)f—m} afl’j (m)
‘

=su max o, i(m (32)
ot €T} 5(m)

=sup sup sup ozn 4(m) (33)
JENNn>j+m £

=sup lim o 4(m) 34)
jEN T, {— 00

= sup lim 01(8"1( ) ;L+7n(£)) (35)
jENT, £— 00

= a(m), (36)

where @) and (34) follow from the fact that for a fixed m €
) is an increasing function of n, ¢, (33)) follows from

@ @ follows from Lemma T} and @ follows from (30).
O

The proof of Lemma [2] is provided next. A key ingredient
of the analysis is the concentration inequality of Rio, which
is stated below for completeness.

Lemma 5 (Rio [4, Corollary 1.1]). Let (Y;);>o be a stationary
sequence of [—1, 1]-valued random variables. Define @(m) :=
a(o(Yp),0(Yy,)) and suppose that [[af := Y ya@(m) <
0o. Foreacht € N, let S; := Yy + ...+ Y,_1. We have

Var(Sy) < 4t || .
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Proof of Lemmal2] Let N := N U {0}. For each D €
Dy, k,¢ € N define the [—1, 1]-valued sequence of random
variables (Y;),.y where Y; = xp{Xirt1,.., Xy} —
u([D]}), i € N. Observe that (Y;),, is a zero-mean [—1, 1]-
valued stationary process and for each m € N we have,

a(c(Yy),0(Ym))
a(o(X1, .o Xi), 0(Xmkt1s -+ o5 Xomt1)k)
<alklm-1)+1)

where the first inequality follows from the fact that by def-
inition we have o(Yy) C o(X1,..., X)) and that o(Y;,) C
0(Xmk+1,-++» X(m41)k)> and the second inequality follows
form the definition of the a-mixing coefficients of X. Thus,
we obtain

3 a(o(¥o),0(m) < 3 alkm —1) +1)

meN meN

= [lex]|

where, the second inequality follows from the fact that a/(m)
is a decreasmg sequence o that a(u) < a(v), u>v eN.

Let S; : ZZ OY By Chebychev’s inequality together
with Lemma [5| and noting that by definition @(m) < a(m),
we obtain

e

(X, D) = u(IDI})| = €) = Pr(|Si] = te)
Var(S;)
= t2e2
< 4ol
T te2

Proof of Proposition 3] Fix € > 0. For ¢,n € N define

n me
O = { g (X, D)~ w([DID)| < /2™ }.
By Lemma [2] and a union bound we obtain,
92" +2mitt ||0‘H
( )
For all w € €4, and each A € Dj,, B € Djiy, j €
{1,...,n—m}, j' :=n—m—j+1 the following inequalities
hold. First we have,

(X, A, B)

Pr(Qt,n) Z 1-—

— u([AE N (Bl ymt1)

< Y |m(X,AxCx B)—pu([Ax C x B}
CEDm e
<e.

Next, it holds that
/~Lt(X7 A)ILLt(X’ B) -
< (X, A) —

p(AD (B} 1)

p([AI)||pe(X, B) —
+ p([A1) (X, B) —
+u([B ]g+m+1)|ﬂt(x A) -
)+

21711/

(Bl fmy1)]
:LL([B}j+m+1)| 4
n([AR)]

< 62/( 2’"’+1

2¢/(2

) <e.
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=j—n—mforje{l,...,n—
m} Define the events Ey := {3j, A € D;,B ¢
Dy s (X, A, B) — u((AY 0 [BYlyin)| = ) and
E2 :-4 {Elj7 A € Dj¢,B € Djry: (X, A)pw(X,B) —
(AR ((B]7,.,)| > ). We obtain,

Recall the convention j’

Pr(|a ,, (X, m) — ay,(m)| > €) < Pr(Ey) + Pr(E)
< 2Pr(e,)
< 22nl+2m,l+1+1 Ha” .
= ) te2

Thus, () gives Cas g = M(22" 2" +1) for each M €

N, and we obtain

¢
Zatn n(m

m=1

<Pr2|am><m>fa< ) >e)

m=1

) >e)

< el Ok
te?
O

Proof of Theorem[I] Fix ¢ > 0. As follows from Proposi-
tion [I] there exist L., N. € N such that for all n > N,

and all ¢ > L. we have,
o (m) — a(m)| < e 37)

Let 7Y € N be such that ¢, > L., n; > N. for t > TV,
Define the events

Ey = {|a:(X,m) —af(m)| > &}, teN.

Since as specified by Q) 7 = M , then by Proposmon
t
for each ¢t € N it holds that

Crmtyn )

pe(gy < 191 O, _lolde
mri€; m

Let ¢ > iend: and note that 6 < oo. Define

E := limsup, , B = ;2 Up—; Ev. By (38) we have

N
Y oien Pr(Ey) < ”Z—” Y oien Ot = %(5 < 00, since ||a| < oo.
Therefore, by the Borel-Cantelli Lemma we obtain Pr(F) = 0.
As a result, there exists some random 7™ (which depends on
the sample-path) such that for all ¢t > T we have
@ (X, m) — oy, (m)] < e,

ne  — almost surely.

(39)

Let T€(2) € N be large enough such that for all t > T( )
we have ¢, < ¢/2 . Take ¢t > max{T™, T T } with
probability one we have |a; (X, m) — a(m)| < |at(X m) —

alt (m)] + € < € + € < € where the first inequality follows
from and the second inequality follows from (39). O

Proof of Theorem 2] Fix € > 0. Since ||a|| < oo, there exists
some M. € N such that 3777, . a(m) < €/5. Let € :=
5M . As follows from Proposmon for each t € N, there
exist L./, N € N such that for all n > N, and all £ > L
we have,

(40)
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Let TV € N be such that M; > M., £; > Ly, n¢ > No
for t > Te(l). Define the sequence of events

Eti_{ Zam >et},t€N.

m=1
Since ry = M then by Proposition I for eacht € N
we have

of ¢ tytt, Mt
Pr(g) < 1208t < o,
Let 6 := > ,.n0: and note that 6 < oo. Define
E = limsup, ,o E: = (=; Up—; Ev. It follows that

Y ien Pr(Ey) < |l > ien 0t = [|ef| 6 < oo. Therefore, by
the Borel-Cantelli Lemma we obtain Pr(E) = 0. As a result,
there exists some random 7 (which depends on the sample-
path) such that for all ¢ > T we have

Za

m=1

<€, p— almost surely.

Let TS(Q) € N be large enough so that ¢, < €/5 for t > Te(z).
With probability one, for all ¢ > max{T™, Tsl), TE(Q)} obtain,

0:%) = lla] |
M,
< |0(X) = Y i (m)|
M, m M,
|3 alm) = > atm)| +¢/5
. =1 m=1
< > lati,(m) - a(m)|
m=1 ,
+ > (ak(m)+a(m)+2¢/5 @)
m=M,+1
<e (42)

where (]Il'[) follows from the fact that for all n,¢,m € N we
have af (m) > 0 and a( ) > 0, and (@2) follows from (40)
and that by definition o, (m) < a(m) forall n,£,m € N. [

Proof of Theorem [3] First, we prove that with probability at
least 1 — § we have lim; oo ¥4(X) < |laf. If ||| = oo
then there is nothing to prove, so we may assume ||| < oo.
Consider any s; > ||a||. Then

Pr (Ot(X) > s+ et\/a)
<Pr (Ht(X) >

S ||a|| CMt»QZhnt
Rt St€
S 5t7

M,
> a(m)+ et\@) (43)

m=1
(44)
(45)

where @3) follows from the fact that 3> a(m) < ||| <
s¢, [@4) follows from Proposition [3] and @3) from the choice
of k; given by (TI), together with noting that s; > |l«]|.
Observing that ), d; = J, the union bound implies
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Pr ({3s; > [l : 6,(X) > s, 4+ €1/5¢}) < 6. It remains to
prove that lim; o ¢+(X) > ||e| with probability one. To
this end, first assume that ||| < oo. We show that, with

such that 6,(X) > s; + €;,/5;. Fix some 1 < [/« and let
0 = |la|| — 7. Recall that (&) is a decreasing sequence of
positive real numbers with lim;_, ., ¢, = 0. Therefore, there
exists some 73 such that for all ¢ > T3,

70 7
leell = = + ey lledl = 2= < llfl = *~

By Theorem |2| there exists some random 75 € N such that,
for all ¢ > T, with probability one we have,

30
0u(X) | - =2,
Moreover, with . chosen to be a countable dense subset of

[0,00) we can find some ¢ > max{T},T>} such that s; €
(1, ||| — 70/8). Tt follows that

(46)

47)

3
st + /5 < ||| fzg < 0,(X), (48)

where the first inequality follows from the fact that s; < ||| —
7o0/8, and the second inequality follows from (@7). As a result,
we obtain 1 (X) > 7 as claimed. Finally, suppose that ||a| =
oo and fix some n € N. Since ||| = oo, there exists some
M* such that Z a(m) > n+ 1. By Proposition [l there
ex1stn , 0 eN such that MaXmet,..., M+ |l (m) —a(m)| <

leadmg to, Zm{ L%, (m) > 1. Let T} be large enough
sothatMt > M*, ny > n*, and ¢ > ¢* for all t > T7.
Fix some ¢* > 0. By Lemma [2] there exists some random
N+ such that for all u > N« with probability one we have

maxet,.. e+ Qs (m) — ab. (m)| < € /2M* so that

M*

2@

Since ¢; | 0, there exists some T3 such that for all ¢ > T} it
holds that

L(X,m) > — €2 (49)

n—€ +en—e <n—¢€/2

Let T4 be large enough so that x; given by is larger
that N, for all ¢ > Ty. Recalling that .# is a countable dense
subset of [0, 00) we can find some ¢ > max{T}, Ty, T4} such
that s; € (n — 2¢*, 7 — €*). With probability one it holds that,

(50)

St ey/st < — € /2 (51)
M*
<N &t (X,m) (52)
m=1
M,
<> ak, (X,m) (53)
m=1
= 0:(X) (54)

where (5I)) follows from (30), (32) follows from @9), and (33)

follows from the fact that ¢ > 77 (and hence M; > M*, n; >
n*, and ¢, > £*) together with the monotonicity of &f;}n (m).
Since the above holds for any 1 € N, the result follows. [J
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Proof of Theorem 4] First we show that

limsup &(X) < |la||  p — almost surely. (55)
t—o0

This trivially holds when || = oo. So, suppose that
la]l < oo0. By an argument similar to that given in
the proof Theorem whenever u; > |la, we have
Pr (6,(X) > u¢ + €y/ug) < 6. Since >, 6 < oo, by the
Borel-Cantelli lemma, we have

Z x{0:(X) > uy + €14/ur} < 00, p — almost surely.

tiug > exl|

Hence, with probability one, there exists a random time 7T} €
N such that, for all ¢ > T,

0:(X) < + €4/ur  whenever uy > |||

In particular, let £ := {s € . N (|e| ,00) : b, 41(s) = 0},
and observe that |E| < co. Therefore, there exists some time
Ty > Ty such that, for every s € FE there exists t € {T} +
1,..., Ty} with u; = s. As follows from (36)), for all ¢ > T,
with probability one we have b;(s) = 1 for all s > ||| and
(33) follows. The fact that

(56)

litm inf &(X) > |||, almost surely, (57)
—>00

for ||a|| < oo follows analogously. To see this, take any 7 <
la]l < oo and define ¢ := ||a]| — . As in the proof of
Theorem [3| there exists some s € . N (0, ||| — 70/8) and
a random time 77} such that for all ¢ > T}, with probability

one, we have

0:(X) > uy + €4/ur  whenever u; < s. (58)
The set £/ = {s € & N (n,[|le|]| — T0/8) : brry1(s) =

1} can only have finitely many elements, each of which will
eventually be visited; that is, we can find some T3 > T} such
that for every s € E’ there exists some t € {T] +1,..., T3}
with u; = s. By (58) for all ¢ > T with probability one it
holds that b;(s) = 0 for all s € . N (n, || — To/8) and
follows. Now suppose that ||| = co. By an argument
analogous to the above, for each n € N and every €* > 0 there
exists some s € (n — 2¢*, 7 — €*) and a random T}" € N such
that for all ¢ > T}" with probability one we have

04(X) >n— € > up + ey /ur whenever uy <s.  (59)

Again, by (39) and noting that the set £” := {s € . N (n —
2¢*,n—€") : bpy41(s) = 1} has finite cardinality, we can find
some T4’ such that for all ¢ > T2 with probability one we have
b:(s) = 0 for all s € . N(n—2€e*,n—¢€*). Since this holds for
every € N and any €* > 0, it follows that when ||a|| = co
we have liminf, o &(X) > oo, p — almost surely. This
completes the proof. O

Proof of Lemma 3} Fix m,¢ € N, n > m € N and some

je {1 ,n —m}. Define CJ(¢) := {[A]{ A€ DM} and
J+m 7{ g+m+1,:B€D"A Jj=n—-m *j}.Ob-
serve that a(Cj( )) = §1(£) and that o(CF,,,,(£)) = F74, (0).

Moreover, § (¢) and " (£) are atomic, with the elements

of the countable collections CJ (£) and C?

o (£) as their atoms
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respectively. By Bradley [1, Vol. 1, Proposition 3.21] we can
write B(F71(£), 8y (£)) as,

2 2

veciwyvVecr,,, (6)

WU NV) = w(U)u(V)| = B ;(m).

O

Proof sketch of Proposition 5] The result follows in much
the same way as in Proposition [3] by observing that since
B(m) > a(m), m € N, as follows from Lemma 2] for all
D €D,y n,l,tecNandevery e >0 we have,

—u(Dl) = 9 < 51

Thus, for a fixed € ? 10 an[d 1t,n € N we can deduce that
Pr(Q,) > 1— (2227 +2)% where

Pr (|u(X, D)

Q — X D n < 22'm2+22n2 .
o= { g 100X, D)~ (DI < /2772
Next, as in the proof of Proposition [3] we can obtain
Pr(|Bf (X, m) = B1,(m)| = €) < 2Pr( )
< (gLt 18Il
< s

which together with a union bound gives the second concen-
tration bound as well. O

Proof of Theorem[7} Consider a rate function v : N — [0, 1]
and denote by Z the class of processes with v as rate
function of their a-mixing coefficients. Consider a process
measure u € € with corresponding sequence of random
variables X. First, observe that g; is §;-measurable. To prove
that g¢; is consistent in the sense of @) we proceed as
follows. Consider a process X with process distribution p. Let
E;:={3m e {1,..., M;} such that a;(X,m) > vy(m)+e }.
If u € € ﬂz%’ff, we have

M,
Pr(E;) < Z Pr(a(X,m) > v(m) + &)
n]),vzl
< Z Pr(a:(X,m) > a(m) + )
e
<Y Pr(lag(X,m) — alf, (m)] > e)

m=1

< Ha”(sh

(60)

(61)

(62)

where (60) follows from the fact that yu € Z5, I) from
observing that o’ (m) < a(m), m € N, and @) follows
from Proposition l Noting that ||| < co and §; is summable,
we have ), Pr(E;) e > 2ende = llef[d < oo
Therefore, Pr(,o, U;—, Ev) = 0 by the Borel-Cantelli
Lemma. This means that there exists some random 7 (which
depends on the sample-path) such that for all ¢ > 7 we have
g+(X) = 41, p — almost surely. On the other hand, suppose
p € €%\ %5 and observe that there exists some m* € N
and some 6* € (0,1] such that a(m*) — y(m*) = §*. Let
E; := {¥Ym € {1,..., M} such that a;(m) < v(m) + e:}.
Recalling that (¢;) and (n;) are increasing sequences, by
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Proposition |I| there exists some 77 such that for all t > T} we
have

oy, (m*) — a(m*)| < 5% /2. (63)
Since (M;) is an increasing sequence, we can find some T5 €
N such that m* < M, for all ¢ > T5. Moreover, since (¢;)
decreases with ¢ there exists some 73 such that e, < §*/4 for

all t > T5. Let T* := max{Ty, T», T3}. For t > T™ we have,

Pr(E,) < Pr(a, (X, m*) < v(m*) + &)
< Pr(a:(X,m*) <y(m*) +6%/2 — &) (64)
< Pr(@ (X, m*) — ok (m*) < —¢) (65)
< Pr(jay(X, m*) — oy (m*)| > €) (66)
< [lex|| ¢, (67)

where (]B_Z[) follows from the fact that e; < §*/4 for t > T3 so
that 6* /2 — ¢, > €, (63) follows from (63) and (67) follows
from Proposition 3] and the choice of 7. In much the same
way as above, we have > .- .. Pr(E,) < ||| § < oo and by
the Borel-Cantelli Lemma we obtain Pr((;>, Uy —, Ey) <
Pr(Nge . US™ tEt/) = 0. Thus, there is some random T such
that for all ¢ > T we have

g+(X) =—1, p — almost surely.

O

Proof sketch of Proposition[d] Fix m,¢ € N and n > m. Ob-
serve that foreach j € {1,...,n— m} we have §/ (¢) C § (¢+

1), £ € Nand §7,,,(£) C %ﬁr}n( 1), n,¢ € N are each
a sequence of o-algebras with \/,° F () = o(Xy,..., X;)
and /77, 87y, (0) = o({X; 1 t > j + m + 1}). Therefore,
by Bradley [I, Vol. 1, Proposition 3.18] we can deduce that
lim o0 B(F (0), 8 (0)) is given by

Blo({ X

As in Lemma [T} it is straightforward to check that for each
m € N we have

1<t <), 0({Xp: t>j+m+1})).

fhj(m)—sup sup supﬂ
JENRN>j+m+1 £

max
n—m}

j(m).
(68)

sup
n,l Jje{l,..

Thus, analogously to the proof of Lemma [I] by (68) and
Lemma [3| we obtain lim,, ¢ B%(m) = B(m). O
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